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Abstract

We develop a dynamic model of technology adoption featuring strategic complemen-
tarities: the benefits of the technology increase with the number of adopters. We
show that complementarities give rise to gradual adoption, multiple equilibria, multi-
ple steady states, and suboptimal allocations. We study the planner’s problem and
its implementation through adoption subsidies. We apply the theory to SINPE Mévil,
a peer-to-peer payment app developed by the Central Bank of Costa Rica. Using
transaction-level data and user-specific networks that we construct from administrative
records, we causally estimate sizable complementarities. In our calibrated model, the
optimal subsidy pushes the economy to universal adoption.
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1 Introduction

We study the diffusion of a new technology in an economy characterized by strategic comple-
mentarities. These complementarities occur because the benefits that agents derive from the
technology increase with the number of users —a phenomenon long recognized in the applied
literature on technology diffusion (see Griliches (1957); Mansfield (1961)). Progress in this
research area is hindered by the challenges that arise when modeling adoption dynamically
—a large state space, non-linear decisions, multiple equilibria—, and by the lack of detailed
data on technology diffusion. We develop a new tractable model of technology adoption and
apply it to the diffusion of a new payment app, SINPE Movil, a digital application created
by the Central Bank of Costa Rica that allows instantaneous P2P transfers between bank
account holders in the network.! By its nature, the usefulness on this app depends on others
joining the network. We aim to quantify the value of this complementarity using granular
data from SINPE and other sources. We use the model to discuss equilibrium existence,
multiplicity of equilibrium paths, multiplicity of stationary equilibria, and the local stability
of stationary equilibria (see e.g., Matsuyama (1991)). We characterize the planner’s prob-
lem and its implementation through subsidies, and use a calibrated version of the model to
analyze the optimal policy.

The model assumes that the benefits of the technology at time ¢ depend on the number
of agents who have adopted it, N(¢), and on an idiosyncratic persistent random component,
z(t). In particular, we assume that the flow benefit of the app is proportional to the product
between these variables, x(t)N(t), so that an agent is more likely to adopt if her private
needs for it are high (a high x) and/or when more agents use the app (higher N). A
single parameter, controlling the intensity of this interaction effect, measures the strength of
the strategic complementarities. A high value of = also implies that an agent will use the
technology more intensively, a feature that we leverage when calibrating the model to the
data where we observe both adoption as well as the intensity of usage. Adoption entails a
fixed (once and for all) cost and agents choose when to adopt taking the aggregate path of
adoption as given. We show that when the idiosyncratic benefits are random the equilibrium
features gradual adoption through a simple mechanism: agents wait for others to adopt.
The optimal adoption rule is given by a time-dependent threshold value, denoted by Z(t),
such that adoption is optimal if z(¢) > Z(t). We assume that the economy starts with

an (arbitrary) measure of agents endowed with the technology, which serves as the initial

! Although the app is called “SINPE Mévil,” throughout we will be referring to it only as “SINPE,”
which stands for Costa Rica’s National Electronic Payment System (by its initials in Spanish). The app was
launched in May 2015 and over 60% of the adult population used it in 2021, with about 10% of the country’s
GDP transacted via SINPE. See Bjorkegren (2018) for a related network-goods analysis using data on mobile
phones adoption in Rwanda.



condition of the equilibrium. Aggregation of the adoption decisions across agents yields a
path for the fraction of agents that use the technology at each time ¢, N(¢). Given the initial
and terminal conditions, the equilibrium has a classic fixed point structure: the optimal
decision path (Z) depends on the aggregate path (N), and vice-versa.

The model yields three main results, each summarized by a theorem. We show that the
optimal adoption rule for each agent, summarized by the threshold path Z, is a decreasing
functional of the path of adoption N. The strength of this effect depends on the parameter
that controls the strategic complementarity. Likewise, we show that the adoption path N is a
decreasing functional of the path z, for any initial distribution of adopters. An equilibrium is
a fixed point given by the composition of these two functionals. The first theorem establishes
the existence, and possibly the multiplicity, of dynamic equilibria. These equilibria form
a non empty lattice, i.e., they are ordered so that there is a “largest one,” N, and a
“smallest” one, N*. The adoption path of the largest equilibrium is above the smallest one
at every point in time, N (t) > N%(t), for all t. More equilibria may exist and are bracketed
between these ones (the paths of different equilibria do not cross). We establish these results
using the monotone comparative statics logic by Milgrom and Shannon (1994), and Tarski’s
fixed point theorem. We show that there is a critical mass of adopters Ny such that, if the
initial measure of adopters is below Ny, there exists an equilibrium where no one will adopt
eventually. We also study stationary equilibria, i.e., equilibria where N is constant through
time, and show that, besides the stationary equilibrium with no adoption, the model may
feature two additional interior stationary equilibria, with low- and high-adoption.

The second theorem characterizes the stability of the stationary equilibria by means
of a perturbation analysis with respect to the initial condition, assumed to be one of the
two interior equilibria. The analysis is non-trivial because it involves the linearization of
an infinite dimensional system: the distribution of adopters. We handle the problem by
leveraging techniques from the Mean Field Game (MFG) literature (e.g., Alvarez et al.,
2023a; Auclert et al., 2022; Bilal, 2023), which determines the local stability by inspecting
the eigenvalues of a linear operator. One novelty compared to the MFG problem studied
in Alvarez et al. (2023a) is the possibility of multiple stationary equilibria. The stability
condition then depends on the particular equilibrium that is chosen. We find that the high-
adoption equilibrium is locally stable, while the low-adoption is unstable, a feature that leads
us to discard it from the analysis.

Equilibria are socially inefficient because agents do not internalize the fact that when they
adopt they benefit all agents who already have the technology. We show how to characterize
efficient allocations by solving a planner’s problem which takes into account the dynamics

across the entire network. The third theorem shows how to decentralize the planner’s solution



using a simple tool: a time-varying subsidy paid to those that use the technology.

We then leverage comprehensive data collected since SINPE was created to analyze the
dynamics of adoption and usage, to document the presence of strategic complementarities,
and to discipline the parametrization of the model. Our baseline analysis links data on
users—both receivers and senders—within their employer-employee network.? We identify
the presence of strategic complementarities using arguably exogenous variation in the network
size due to mass layoffs. We document a causal relation between the share of agents who
have adopted (V) and usage of the app, both at the extensive margin as well as at the
intensive margin: a sudden decrease of the network size lowers the probability of adoption
and lowers the intensity of use.® This effect persists across a battery of ways to define usage
and networks. It also emerges after using a leave-one-out instrument and following a balanced
panel of adopters to address concerns regarding selection.

We match the theory with the data in a quantitative analysis where we calibrate the
model using key moments from the data with the objective to compute the optimal adoption
subsidy. To capture the initial gradual diffusion of the technology, observed in each network,
we supplement the model with a layer of slow-information diffusion following the seminal
work of Bass (1969). The strength of the strategic complementarities is chosen using the
information retrieved from the mass layoffs described above. The calibrated model shows that
the optimal subsidy speeds up adoption by the agents and ultimately pushes the economy

towards universal adoption of the payment app.

Related Literature. Several recent studies are related to our paper. Benhabib et al.
(2021) model firms that can endogenously innovate and adopt a technology. They analyze
the effect of these choices on productivity and balanced growth, but without conducting an
analysis of the transition between stationary distributions; likewise, Buera et al. (2021) study
policies that can coordinate technology adoption across firms. A closely related contribution
is Crouzet et al. (2023), who develop a model with a unique equilibrium where the rate of
adoption of electronic payment by retailers increases following an aggregate shock. Their
analysis is motivated by 2016 Indian Demonetization, and exploits the variation in the inten-
sity with which firms in Indian districts were exposed to the shock to examine the adoption

of retailers. Unlike our model, which has heterogeneous agents and generates dynamics and

?Individual-to-individual transactions account for over 95% of all transactions, regardless of the time
period considered. We find that 44% of all SINPE transactions occur between coworkers. Family networks
and spatial “neighborhood” networks are also considered for robustness.

3Namely, we focus on networks of coworkers and examine the effect of network changes on the intensity
of the app’s usage and its adoption for workers displaced by a mass layoff. By analyzing the usage intensity
of workers who had already adopted the app prior to being displaced, we are able to isolate the influence of
strategic complementarities rather than the effects of learning.



gradual adoption endogenously (as agents wait for others to adopt before doing so), their
model features homogeneous agents and a sluggish adjustment a la Calvo (1983), generating
gradual adoption through this imposed friction. Moreover, the heterogeneity in our model
allows us to accommodate, not only aggregate shocks when we analyze transition dynamics
in closed-form, but also dynamics after shocks that target particular types of agents; for
instance, we compare the propagation after “giving the app” to people with high vs. low
idiosyncratic benefits, which in turn can be mapped to observables like wages and skills.

The paper also deals with technical issues of multiplicity and stability that have plagued
the economic geography and trade literatures. Recent papers have developed algorithms that
exploit the super- or sub-modularity of the objective function based on Tarski’s theorem
(Jia, 2008; Arkolakis et al., 2023; Alfaro-Urena et al., 2023). Our approach also leverages the
monotonicity of our problem, but does so for an analysis of dynamic stability as a criterion
to select an equilibrium and develops the planning problem to study efficiency.

The paper is organized as follows. The next section presents the model, Section 3 discusses
the different types of equilibria that exist. Section 4 uses a perturbation method to inspect
the stability of the stationary equilibria. Section 5 discusses the planning problem. Section 6
presents the data and documents the non-negligible role of strategic complementarities in the
adoption and use of SINPE. A calibrated version of the model is used in Section 7 to discuss
the optimal subsidy for the efficient adoption of SINPE.

2 The Model

This section presents a tractable model of technology adoption within a “network” of agents.
The model fits alternative notions of network, later discussed in the empirical analysis, such
as a group of co-workers, households living in the same neighborhood, or a (broad) notion
of family members. The network is populated by a continuum of agents who differ in the
potential benefits from adopting the technology. Let N(t) € [0, 1] be the fraction of agents
who have adopted at time ¢ € [0,7]. The flow benefit at time ¢ for an agent who has already
adopted the technology is

(00 + 0, N (1)) (1)

where 6,0, > 0 are parameters, x is a stochastic process, independent across agents, with
variance o2 per unit of time, no drift, and reflecting barriers at x = 0 and = U, so that
dx = odW where W is a standardized Brownian motion. Later we provide a derivation of this
equation, as the indirect utility benefit arising from the optimal intensity of technology use
in each period, see equation (29). We let ¢ > 0 be the fixed cost of adopting the technology
and r > 0 be the time discount rate. With probability v per unit of time agents die, so that
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agents discount time at rate p = r 4+ v. Dead agents are replaced by newborns without the
technology and an x drawn from the invariant density f(z) = 1/U for z € [0, U], where f is

uniform because of the reflecting barriers.

2.1 Individual Decisions, Aggregation, Equilibrium

We next describe the agent’s optimal decision as a function of the whole path of aggregate
adoption N : [0,T] — [0, 1], discuss how to aggregate individual decision to compute the
aggregate path of adoption, and define the equilibrium.

Let a(z,t) be the value function of an agent who has adopted the technology and has

state x at time ¢:
alz,t) = E[ /t g (o + 0,N(s)) 2(s)ds + e T Dap(z) ) (t) = :13] (2)

for all t > 0 and = € [0,U]. The agent takes the whole path N as given. For finite 7" we
assume that ar(x) = (6 +9nﬁ)E[f;° e PNy (s)ds ‘ x(T) = x}, where 7 € [0,1]. The
interpretation of ar is the value of adopting when the fraction of adopters is a given constant
n.

An agent with state x, who has not yet adopted at time ¢, has a value function v(z,t)
that solves the stopping-time problem

v(@, 1) = maxE [ (a (2 (7),7) — ) [a(t) = 2] | (3)

where 7 denotes the time of the adoption and depends only on the information generated by
the process for x and on calendar time ¢ (the latter because of the dynamics of N(t)).

We will use the convention that for 7" = oo then the set [0, co] over which the functions

of interest are defined shall be interpreted as [0, 00).

Discretized Model.  We consider a discretized version of the model where time is discrete,
at intervals of length A;, and the state x is discrete in intervals of length A,. The reflecting
Brownian Motion, Poisson processes, and discounting are changed accordingly, following the
scheme used in finite difference approximations, see Definition 3 in Appendix B for a detailed
definition. For small A;, A,, the discretized model converges to the decision problem in
continuous time. The advantage of the discretized model is that we can compute numerical
solutions for the equilibrium path for the case of T finite. Instead, the advantage of the
continuous time model is that it is easier to characterize stationary solutions as well as

perturbations.



Next we state a preliminary result to establish that we can represent the optimal adoption

rule at time ¢ as a threshold rule, Z(t).

LEmMMA 1. Fix a path N and a time ¢t € [0, 7. If it is optimal to adopt at (z1,t), then it is
also optimal to adopt at (z9,t) where xo > x1. This holds for the continuous time as well as

for the discretized model.

For finite T define
Dr(z) = ar(x) —v(z,T)

further discussed in Section 2.2. The function X denotes the path for the optimal threshold
as: T = X(N;Dr), so that z : [0,7] — [0,U]. It is immediate from equation (2) and
equation (3) that what matters for the optimal adoption decision is Dr(z), which is the

reason why we include Dp as an argument of X

Aggregation. Given the individual decision rule we can compute the implied path for
the fraction of adopters, N. We start by defining the probability that an agent at s with
state z(s) = x survives until time ¢, while the value of her state remains below z during this

period:

P(z,s,t;2) = Pr|xz(t) < z(1), for all v € [s,1] ‘ x(s) = a:] eVt (4)

For an agent who at time s has = < Z(s), the value of P(z, s, ;%) gives the probability that
the agent will survive up to t without adopting. Let mq(x) be the density of the agents at time
t = 0 without the technology. Given the assumption about z, we require 0 < mg(z) < 1/U
for all x € [0, U]. The fraction of agents who have adopted the technology at time ¢ is

N() =1— /OU Pla, 0, t: F)mo(x)dz — /Oty UOU P(x,s,t;:z%dx ds. (5)

The second term on the right hand side is the fraction of agents who did not have the
technology at time 0 and survived until time ¢ without adopting. The third term considers
the cohorts of agents that are born between 0 and ¢, and for each of these cohorts computes
the fraction that survived without adopting up to t. We note that an equivalent version of
equation (5) holds in the discretized version of the model, which for a given Z is simply a
matrix manipulation. We let N'(Z; mg) be the path of N as a function of Z (the path of the

adoption threshold) and of the initial condition my.



Equilibrium.  The equilibrium is given by the fixed point between the forward looking
optimal adoption decision, encoded in &X', and the backward looking aggregation, encoded
in A/. To emphasize the forward looking nature of X, note that it depends on the terminal
value function Dp. To emphasize the backward looking nature of A/, note that it propagates

the initial condition my. We then have the following definition.

DEFINITION 1. Fix an initial condition mg and a terminal value function D7. An equilibrium
{N*,z*} solves the fixed point:

N* = F (N*;mq, Dy) where F (N;mg, Dr) =N (X (N; Dr);myg) (6)

and where 7* = X (N*; Dr).

Note that this is a canonical definition of equilibrium, where the operator F combines the
two operators A/ and X defined before. This definition holds for both the continuous time

and the discretized version of the model.

2.2 A Recursive Formulation of the Equilibrium

This section derives a recursive representation of the equilibrium that will be useful to study
the local stability of the equilibrium and to study the planning problem. To derive the
recursive representation we first consider a simple stopping time problem that combines

a(z,t) and v(x,t) into a single equation. We consider the value function

D(z,t) = I7r_l>11tl E[/j e P70 (g + 0,N(s)) x(s)ds + e " Ve ’ x(t) = x] (7)
with terminal condition D(z,T) = Dr(z). The interpretation is that D(z,t) is the optimal
cost of adoption which is made of the flow-opportunity cost until adoption takes place (at
7), plus the actual discounted value of the adoption cost ¢. The function D(z,t) is related
to a and v by D(x,t) = a(x,t) — v(x,t). Note that a(x,t) — ¢ is the net value of adopting
immediately while v(x,t) is the net optimal value, that may entail adopting in the future
(see equation (2) and equation (3)).

Under differentiability assumptions on D(z,t) we can rewrite equation (7) as a Hamilton-
Jacobi-Bellman (HJB) partial differential equation with boundaries, derived in Appendix F,

which satisfies:

pD(x,t) = min {pc , (6o + 0,N(t)) + %QDm(x, t) + Dy(z, t)} (8)



for all z € [0,U], t € [0,7] and terminal condition D(z,T) = Dr(z). Optimality requires
that D(z,t) < ¢, which yields the value matching condition at the barrier. We are looking

for a classical solution that satisfies:

2

pD(x,t) = (0 + O, N (1)) + %Dm(x, t) + Dy(,1) 9)

for all x € [0,Z(¢)] and t € [0,T] with boundary conditions:

D(z(t),t) =c¢ Value Matching
D.(z(t),t) =0 Smooth Pasting (10)
D,(0,t) =0 Reflecting

If the solution is regular it also features smooth pasting. Finally, since x = 0 is a reflecting
barrier, the value function has a zero derivative at that point.
Let m(z,t) denote the density of the agents with x that have not adopted at t. The law

of motion of m for all ¢ > 0 is:

1 2
my(x,t) = v (5 — m(x,t)) + %mm(x,t) if 0 <z <z(t)

m(x,t)
mg(0,1)

for x € [z(t), U] (11)

0
0

and initial condition mg(xz) = m(z,0) for all x € (0,U). The p.d.e. is the standard Kol-
mogorov forward equation (KFE). The density of non-adopters is zero to the right of z(t),
since this is an exit point. The last boundary condition is obtained from our assumption that

x reflects at x = 0. The fraction of agents that have adopted the technology is thus given by

N(t)=1- /x(t) m(z,t)dx. (12)

We use these equations to provide an equilibrium definition, equivalent to Definition 1, which

emphasizes the dynamic nature of the equilibrium.

DEFINITION 2. An equilibrium is given by the functions { D, m, Z, N} satisfying the coupled
p.d.e.’s for D and m in (9) and (11), and the boundary conditions in (10), (11), and (12).

We note that this system of p.d.e.’s is involved for two reasons. First, the equations are
coupled through z and N. Second, the equations feature a time-varying free boundary, which

is known to be non-trivial.



3 Equilibria

In this section we establish equilibrium existence, the possibility of multiple equilibria and
illustrate an iterative procedure to compute the equilibrium numerically. We also discuss
equilibria with no adoption, i.e., situations in which given an initial condition mg, no one
will use the technology eventually. We conclude by discussing stationary equilibria and the

relation to models of diffusion based on a learning mechanism.

3.1 Monotonicity and Existence of Equilibrium

The next lemma shows that the function X', giving the path of the optimal threshold Z as
a function of the path N, is monotone decreasing. Thus, an agent facing a higher path of
adoption will choose to adopt earlier. Moreover, the lemma shows that an agent facing larger

values of 6 and/or 6, will also adopt earlier.

LEMMA 2. If T < oo let the terminal value function be Dr(x) and 6,, > 0. Let T be
the optimal threshold path for an agent facing the path N. Consider two paths such that
N'(t) > N(t) for all t € [0,T], then Z'(t) < z(t) for all t € [0,T]. Moreover, let 0 = (6o, 6,,)
with the corresponding optimal threshold path z. If 8’ > 0 then 7'(t) < Z(t) for all t € [0, T].

Lemma 2 also holds in the discretized version of the model.* The proof holds as we verify
the conditions to use Topkis (1978). Thus, once we reformulate the problem in terms of
stopping times, we can apply the monotone comparative statics logic developed by Milgrom
and Shannon (1994) to characterize the policy function.

Next, we show that given the initial condition mg(z), if the path z(¢t) < #'(¢t) then
N'(t) < N(t) for all t. We need to show that the fraction of non-adopters is decreasing in

z(t). This implies that A is monotone decreasing.

LEMMA 3. Fix mg and consider two paths for the thresholds z and 7', satisfying z'(t) > z(t)
for all t € [0,T]. Let N' = N (Z';mo) and N = N (Z;mg). Then N'(t) < N(t) for all
t € [0,T]. Moreover, fix a threshold path Z, and consider two initial measures with m{(x) >
mo(z) for all z € [0,U], then N’ = N (z;my) and N = N (Z;mg). Then N'(t) < N(t) for all
t 10,77

The next theorem uses the monotonicity of X and N, proven in Lemma 2 and Lemma 3, to

establish through equation (6) that F is monotone. This allows us to use Tarski’s theorem

4For instance, it holds for a finite difference approximation, which we use for some computations, and
which converges to the continuous-time version.



and establish the existence, and possibly the multiplicity, of equilibria.

THEOREM 1.  Consider either the discretized model or its continuous time limit, let 7" be
the terminal horizon and 6,, > 0. Fix an initial condition mg and a terminal value function
Dr.

(i) The equilibria of this model are a non-empty lattice. Hence the model has a smallest
equilibrium, {zX, N¥}, and a largest one, {zf, N*} and any other equilibrium path {z, N}
satisfies Nt < N < N and 7' > 7 > 7 for all t € [0, T].

(ii) Let 0" > 0, and m{, < my for all € [0,U]. Consider the equilibrium {z’, N'} with the
largest N’ corresponding to {#’, my} and the equilibrium {z, N'} with largest N corresponding
to {0, mo}. Then @ <z and N’ > N for all ¢t € [0, 7.

An important consequence of part (i) of the theorem is that the equilibrium set, given
the initial distribution of non-adopters mg (and for finite 7" the terminal valuation Dr), is
a lattice. We can compute the value of the extreme equilibria (i.e., the smallest and the
largest) by iterating on N**1 = F(N*; Dy mg) for k = 0,1,..., starting from NO(t) = 1
or from N°(t) = 0, for all ¢. The theorem ensures that the limit of this iterative process
converges to a fixed point. Moreover, if the two sequences converge to the same limit, then
the equilibrium is unique.

Two remarks are in order about part (i). First, as mentioned above, we implement the
computations of the extreme equilibrium using the discretized version of the model for finite
T. Second, while this theorem shows that an equilibrium exists in the continuous time case,
the theorem does not show that the fixed point N or z are continuous functions of time.
As a consequence, the theorem does not establish the existence of a classical solution of the
p.d.e.s stated in Section 2.2. Nevertheless for all the numerical examples of the extreme
equilibrium that we computed using the discretized model we have found no behavior that
resembles jumps in the path of N or z.°. The closest to a jump is, what we describe below
as a delayed adoption equilibrium, which we show can occur for special parameters values
and initial conditions.

Part (ii) of the theorem focuses on the “high-adoption” equilibrium and establishes a
useful comparative statics result: considering a larger 6, or a “smaller” mq (more agents
endowed with the app at time zero), leads to more adoption.

Delayed Adoption Equilibrium

In this section we consider a type of multiple equilibrium that occurs for special parameters

values, which emphasize complementarity, where arbitrary delays in adoption can occur. We

5We conjecture, but have not been able to prove, that the extreme fixed-points equilibrium are indeed
continuous functions of time
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are able to establish the existence of this class of equilibrium only when the initial conditions
is that mx) = 1/U, so no agent start with the app. The restriction on parameter values is
that if nobody else has the app, even for the agent with the highest x, it is convenient to

wait to adopt at a later time.

3.2 No-Adoption Equilibrium

The setup may feature an equilibrium with zero adoption, i.e., Z(t) = U for all t. For
simplicity we focus on the case where T' = oo. This case is particularly easy because agents’
decisions are in a corner. We characterize the basin of attraction for such equilibrium, i.e.,
we find a threshold for the number of adopters IV, such that a no-adoption equilibrium exists

if and only if at ¢ = 0 the mass of agents with the technology is smaller than N.

PROPOSITION 1. A no-adoption equilibrium with z(t) = U and N(t) = N(0)e™** for all
t > 0 exists if and only if 1 — fOU mo(x)dz < N, where

pe p%

—%1+waﬂ+N [+ngﬂ (13)

sch(y) — coth
77_\/02, p+y and g ECbC (y) = coth(y) € (—3,0) . (14)

Y

Note that N > 0 if and only if % > 0y [1 + g(nU)]. Moreover, if N > 0 we have:

(i) NV is an increasing function of o, satisfying

() < < £ o) =

where the lower (upper) boundary is reached as 0 — 0 (0 — 00).

(ii) N is a decreasing function of 6,,.

An immediate corollary of this proposition is that mg(z) = 1/U is an invariant distribution
provided that N > 0, i.e., if the economy starts with no adoption, then it may remain in
that equilibrium forever (no adoption is a stationary equilibrium). That N > 0 requires 6,
to be small is easily understood: if 6, is large agents with a high x will find it profitable to
adopt regardless of what the others choose. Likewise, that N > 0 is increasing in ¢ implies
that if agents are hit by larges shocks the no-adoption equilibrium is more likely to occur.
This result follows because, for a given U, a large o makes the reversion to the mean faster,
lowering the benefit of adoption. Finally, if 6,, is large then it is more profitable to coordinate

on high N and the basin of attraction of the no-adoption equilibrium is smaller.
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3.3 Stationary Equilibria

In this section we let T" = oo and analyze the stationary equilibria of the continuous time
model. We look for an initial condition mg, such that the distribution is invariant, so that
both Z(t) = Zss and N(t) = N are constant through time. We will show that convergence
to the stationary equilibrium must be gradual, i.e., that it is not possible to “jump” to the
stationary equilibrium given a generic initial condition in the model where o > 0.°

A stationary equilibrium is given by two constant values of N and T, that solve the
time-invariant version of the partial differential equations presented in Section 2.2. From a

mathematical point of view the equilibrium is a fixed point. Given N, D and T s SOlve:

pD(z) = z(0y + 0, Ny, + %QDm(x) if x € [0, ZTys) Value of Adoption

D,(0)=0 Reflecting

D(Zy,) = ¢ Value Matching
ﬁx(iss) =0 Smooth Pasting .

Conversely, given Z,, the density m solves

2

1
0= —vin(x) + v + %mm(x) KFE if 7 < 7,

m(Zss) = 0 and m,(0) =0 Exit and Reflecting .

Notice that the (stationary) equilibrium m(z) and Zs solve the fixed point

Ngs=1-— / : m(s)dz.
0

We begin by solving for D(z) and Z,, given a value for N, (see Appendix A.1 for details).
Using the solution for D we can solve for X, : [0,1] — [0, U], a function that gives the
optimal stationary threshold as a function of a given N . The monotonicity properties of
the function D on the parameters Ny, 6, c and 0y give the following characterization of the
threshold A;.

LEMMA 4. The function X, is decreasing in N, strictly so at the points where 0 < 7., < U.
Fixing a value of N, the function X, is strictly increasing in ¢, strictly so at the points

where 0 < Z,, < U. Fixing a value of Ny, the function X, is strictly decreasing in 6,

6An immediate jump to the stationary equilibrium might instead occur in a model with ¢ = 0 (See the
Online appendix J of Alvarez et al. (2023b)).
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and 6, at the points where 0 < Z,, < U. Moreover, we have the following expansion:
Xor(Ns) = gt + 5+ 0l0).

Since the function Xs(Ns) is decreasing in N, it has an inverse, Xs_sl, given by:
X_l (7 ) _ 1 pe 9 h
ss \Lss) = en (1«}»7](1&167@5371426_775”53))(6"535+6_ni53) 0 where

(j;ss + Ajen®ss 4 [12@—77%55) _

_ 1—e _ 1—e
AlElM’Azzl(—e) andnE ‘/Qp/0-2_ (16)

n (e —ev)

7](6712 —eNTss )

Note that, from the expansion given in Lemma 4, fixing Z,,, then X_!(Z,,) is increasing in

o in a neighborhood of ¢ = 0. Provided that 8,, > 0 we have

1 cp
X T~ — [ —F——=—0y ).
SS ( ) Qn (Zf'ss—O'/\/% 0)
Next we can solve the Kolmogorov forward equation for m(x), given a barrier Z4, subject
to an exit point and to the boundary conditions coming from the reflecting barriers. We
denote the corresponding value of the fraction that have adopted as Ny, (Z,s). Solving this

equation we obtain

_SS t h _SS
Nis(Tss) = 1—%4—%3%) where v = /2v/0?. (17)

Inspection of equation (17) yields the following characterization of N.

LEMMA 5. Fix v > 0, then N, (Z) is strictly decreasing in Z,. Fixing > 0, then N, is
strictly increasing in 7, and hence strictly decreasing in 0. Moreover, we have the expansion:
Nis(T) =1 = % + %= + 0(0).

As is intuitive, the value of Ny, (Z,s) is decreasing in the level of the barrier Z. The system
given by equation (16) and equation (17) determines Zss and Ng,. In particular, a stationary

equilibrum is described by the pair {Zs, Ngs }, which solves
Nss = -A/’ss(jss) = XS_SI(ESS)'

Next, we summarize the behavior of the stationary equilibrium for small values of o.

We label the stationary equilibrium with superscripts { H, L} to hint at the associated High

or Low level of adoption, so that 7 < z%. Indeed setting o = 0 in the two expansions

given in the previous two lemmas one obtains a quadratic equation for Z,, /U whose solution,
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whenever in (0, 1), gives the two interior steady states.

PROPOSITION 2.  Assume that v > 0 and that the parameters 6y, 0,,, c and p are such that
there are two interior stationary equilibria in the deterministic case of 0 = 0, and label them
as ¥ < L. Then, (i) there exists a @ > 0 such that for all ¢ € (0,5) there are two interior
stationary equilibria with 72 < zL . (ii) The threshold for each stationary equilibrium is
continuous with respect to o at o = 0. (iii) The sign of the comparative static differs across

stationary equilibria, with

aig>0>83255 and (%SLS >O>aifg
Oc oc 00, 00y

The proposition shows that the high adoption stationary equilibrium behaves in an intuitive
way, with more adoption (a lower z%) associated with a smaller adoption cost (c), or with
a larger intrinsic value of the technology (6y). The comparative statics for the low adoption
stationary state are just the opposite: adoption is higher as the adoption cost increases.
The latter (unrealistic) feature, and the unstable nature of the low adoption equilibrium (see
the next section), will lead us to focus on the high adoption equilibrium in our quantitative

analysis.

Figure 1: Stochastic Stationary Equilibria: Density of non-adopters: m(x)

High and Low Adoption Stationary Equilibria

Figure 1 shows the densities of the invariant distribution of the high- and low-adoption

equilibria. A notable feature of the stationary distribution of non-adopters is that, provided
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o > 0, the distibution features agents with “low x, namely with z(t) < Z,s, who have the
technology. These are agents who adopted the technology in the past (for some ¢’ < ¢ when
z(t') > z(t'), and whose = decreased over time. As a result, m(z) < 1/U when o > 0, and
the density of non-adopters below Z,, is not uniform. Given that the density takes time
to adjust, the stochastic model features dynamics in the adoption of a new technology: for
instance if the economy starts with mg = 1/U, it takes time to move from the initial to the
invariant distribution, as agents adopt when z(¢) > Z(t) and it takes time for the z’s to crawl
back below the stationary threshold. In other words, this form of the invariant distribution
and the fact that agents follow a threshold rule implies that there is no equilibrium where
at some finite time ¢ the economy jumps to the steady state. Instead, as mentioned above,
such a jump must occur in a model where z is heterogeneous across agents and ¢ = 0 for a

large set of initial conditions (see Proposition 20 in Appendix J in Alvarez et al. (2023b)).

3.4 Relation to Simple Models with Learning

We briefly comment on the relation between our model and the complementary approach to
technology adoption based on a “learning” mechanism, where the key friction is that agents
do not know about the existence of the new technology until they meet an informed agent, as
in the seminal work of Bass (1969). While our theory abstracts from information frictions in
order to sharply isolate the key features of the adoption problem we study, we will incorporate
a “learning layer” into our model in the quantitative application in Section 7.

We briefly outline the key features of simple learning models by considering two setups
in which agents learn about the new technology through random meetings with informed
agents. The set I(t) of informed agents is divided into N(t) agents who have adopted and
M(t) agents who are informed but have not adopted, so that I(t) = N(t) + M(t). Both
types of informed agents transmit information, so the dynamics of I(t) are independent of
agents’ adoption decisions. The first setup, developed in detail in Appendix E.1, considers a
“pure” learning model without complementarities (6,, = 0) where the adoption benefits are
random (o > 0). Informed agents can pay the cost ¢ and adopt. We show that the optimal
decision for informed agents is given by a time-invariant threshold z, which is independent
of the network size. This invariance implies that there is no selection in the adoption of
the technology: early and late adopters are similar agents (in terms of their z, their only
difference) who learned about the technology at different times. This prediction contrasts
with the evidence on selection discussed in Section 6.2.1. The model has a unique constrained-
efficient equilibrium with a logistic S-shaped path for N when the initial share of informed
agents is small. Along the equilibrium path, the dynamics of N(t) are fully determined by
the dynamics of I(t).
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A learning model with complementarities (6,, > 0) is analyzed in details in Appendix E.2,
where the idiosyncratic benefit of adoption z is deterministic (¢ = 0). In this model the
adoption benefit depends on the size of the network N(t), while the agent type x is im-
mutable. Because of the network effects (6, > 0), the optimal decision for informed agents
is a monotone, time-varying threshold Z(¢), with an associated monotone (increasing or de-
creasing) path for N(¢). The model may feature multiple constrained-efficient equilibria, and
the dynamics of the equilibrium path N(¢) are again determined by the dynamics of I(t).

A key feature worth emphasizing—relative to the model without learning in the main body
of the paper—is that the adoption dynamics are entirely driven by the dynamics of I(¢). There
is no other source of dynamics beyond those generated by the diffusion of information. If a
shock occurs that removes the technology from a group of agents who had previously adopted,
these agents immediately re-adopt, and the economy returns to its pre-shock position. This
behavior contrasts with the gradual adoption dynamics produced in our model by the joint
presence of strategic complementarities (6, > 0) and volatile payoffs (¢ > 0). It also conflicts
with the evidence on the long-lasting effects of shocks to network size documented in the

mass-layoff episodes of Section 6.2.2.

4 Stability of Stationary Equilibria

In this section we analyze the local stability of the stationary equilibria. We explore the
question by perturbing the stationary distribution of adopters, using techniques from the
Mean Field Game literature developed in Alvarez, Lippi and Souganidis (2023a). For this
purpose, we use the equilibrium Definition 2. This dynamical system is infinite-dimensional
because the state, at every time t, is given by the entire density m(z,t).

The objective is to consider the stationary equilibrium m and ask if, starting from a
condition my close to m, the economy converges to m. As the system is infinite-dimensional,
many “deviations” are possible. Any initial condition can be described by mg(x) = m(x) +
ew(x), for some w satisfying fOUw(:U)dx = 0. The sense in which the analysis is local is that
we differentiate the system with respect to € and evaluate it at ¢ = 0. The alert reader will
notice that the local dynamics of a system in R? are encoded in a ¢ x ¢ matrix. The analogous
infinite dimensional object is a linear operator that will be presented below.

We begin the analysis with the approximation of z(t) = X(N)(t). That is, we study
how perturbing the aggregate path of adoption N leads to adjusting the decision rule for
threshold path z. To do this, we take the directional derivative (Gateaux) with respect to
an arbitrary perturbation n of a constant path N. In particular, we consider paths defined
by N(t) = Ngs + en(t) around the stationary value Ny;. We denote this Gateaux derivative
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by ¥, so that Z(t) =~ Ty + €y(t).

LEMMA 6. Fix a stationary equilibrium with interior Z,,, and its corresponding N,,. Let
Dy be equal to the stationary value function D corresponding to that stationary equilibrium.

Let n: [0,7] — R be an arbitrary perturbation. Then

X(NSS + €n; D)(t) — X(Nss; D)(t)

S = i
y(t) im ;
9 T
== G(1t — t)n(1)dT, 18
Dm(m/t (r — yn(r) (18)
where
00 2 1 . 2 .
N Cit ) (. cos(ni)
G(S)—jz:;c]e _0,¢]—p+2( = and ¢; =2 1 7T(j+%) ,

where Dm (Zss) < 0 is the second derivative of the stationary value function:

. _ pC — i‘ss [90 + enNss]
D:m:(xss> = 0_2/2 , Nss =1-

Tgs  tanh (7Zg) 2v
Too | PRAVEss) and y = /2.
U * ~U and o2

Thus, we can write Z(t) = Zss + €y(t) + o(e). Note that G is positive and D, is negative,

so the effect of the future path on the current value is negative, which is consistent with the
property that X is decreasing. Also note that it is proportional to 6,,, so if 6, = 0, then the
threshold will be constant. Thus, the approximation of Z(t) depends on the perturbation
of the path of N from ¢ to T, given by n(s) for s = [t,T]. The proof of the proposition
is obtained by jointly differentiating with respect to € the system defined by D and Z in
equation (9) and equation (10). This yields a new p.d.e., and new boundary conditions. The
expression for ¢ is obtained once we solve this new p.d.e., see the proof in Appendix C.1.
Now we turn to the perturbation for the fraction of the adopters, as a function of the
threshold path and of a perturbation of the initial condition. We approximate N(t) =
N (z,mg)(t) by taking the directional derivative (Gateaux) with respect to an arbitrary per-
turbation y of a constant path Z and a perturbation w on the stationary density m. In
particular, we consider paths defined by Z(t) = Zss + €y(t) around the stationary threshold

Tss, and mo(z) = m(z) + ew(z). We will denote this Gateaux derivative by n.

LEMMA 7. Fix the interior threshold Z, of a stationary equilibrium and its corresponding
N5, and let m be the corresponding invariant distribution of non-adopters. Let w : [0, Zs5] —

R be an arbitrary perturbation to the distribution, and let g : [0,7] — R be an arbitrary
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perturbation of the threshold. Then

N (Zgs + €y;m + ew)(t) — N (Tgs;m)(t)

n(t) = 1611(1)1 ;

= (5 \p2 [t
= no(w)(t) + mf—)" / J(t —7)g(r)dr (19)

CE] 0

where 0o 1 N2
e 1 (s +7)
J(s) = Zoe Hi% with p; = v + 502 (Z_CT) (20)
j:

o)1) = =3 = 1 o)

(3 +7) (®5, ¢5)

p;(z) = sin <(% +j) ™ (1 - %g)) for z € [0, Z] (22)

/ ;(r)w(z)dr and m,(ZTs) = —%tanh(”yfss).
0

Thus, we can write N(t) = Ny + en(t) + o(e). This formula encodes the effect of two
perturbations: w and y. The former is the perturbation on the initial condition mg, whose
effect is in the term ng(w)(t). We note that ng(w)(t) is the effect at time ¢ on the path N(t)
triggered by a perturbation of the initial condition keeping the threshold rule z fixed. The
function ng(w) can be further reinterpreted by considering the limiting case of a perturbation
w given by a distribution concentrated at * = z < I, i.e., a Dirac’s delta function as

w(z) = 0z(x). In this case,

=0

The effect of the perturbation, ¢, on the path of the threshold, z(s), is captured by the second
term in equation (19). This term gives the effect at time ¢ on the path N(¢) of a perturbation
of the threshold rule Z, keeping the initial condition m fixed. Also, consistent with our general
result for NV, the effect of the threshold is negative, as J > 0 and m,(Zs) < 0.

For future reference it is useful to understand the behavior of ng(¢) as function of time.
In particular, the rate at which the perturbation w to the initial distribution converges back

to the stationary distribution, while keeping Z(t) = Zs,. This rate is given by the value of
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Lo =V + %2 (FT;)Qv i.e., the dominant eigenvalue.”

The next step is to use the last two lemmas to derive one equation for the linearized
equilibrium as a function of the perturbed initial distribution mg(z) = m(x) + ew(x). We
combine equation (18) and equation (19) to arrive to a single linear equation that n(t) must

solve as a function of w.

THEOREM 2. Fix an interior threshold z,, for a stationary state, with its corresponding
Ngs, and let m be the corresponding invariant distribution of non-adopters. Let mg(x) =
m(x) + ew(x). Let Dy be equal to the value function D corresponding to that stationary

equilibrium. The linearized equilibrium solves

T
n(t) = no(w)(t) + @/ K(t,s)n(s)ds, (23)
0
where ng(w)(t) is given in Lemma 7 and © = %‘“)&293’ > 0. The kernel K is given by

o (it mints} _
E E cje it [e /1 Y } > 0. (24)
i J

=0 j=

72

2
Moreover, Lip, = sup, [ |K(t,s)|ds < (%) . Furthermore, if © Lip, < 1 there exists a

unique bounded solution to equation (23) which is the limit of
n=[I+06K+60’kK*+...] no(w) where K(g / K(t,s)g (25)

and where K71 (g)(t) = fOTK(t, s) K7(g)(s) ds for any bounded g : [0,T] — R.

A few remarks are in order. First, note that K depends on 8, as j;,; are a function of
Zss, which is itself a function of 6,,. The coefficient © depends on 6,, directly and indirectly
via Ts. Hence equation (23) depends on which stationary equilibrium we focus on. Second, if
we discretize time so that t € {A(j—1):j=1,...,J} for A, = J -
then the operator K is a J x J matrix with elements K (¢;,t;), and ng, n are J x 1 vectors, so
that equation (23) becomes the linear equation n = ng + © n. Third, the fact that O > 0
implies that the terms OK + ©2K? + ... in equation (25) give the amplification over and

as done in Section 2.1,

above ng, due to the time-varying path of the barrier z.
Figure 2 illustrates the stability of the high and low adoption equilibria, respectively, in

Panels (a) and (b). Each panel considers two shocks that displace a small mass of agents

“The proof is in Appendix C.2 and resembles the one for the previous proposition.
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Figure 2: Perturbation of Stationary Equilbria
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away from the invariant distribution of non-adopters and endows them with the app. The
blue line depicts the case where the app is given to agents with low benefit, namely with
x = 0, while the red line considers a perturbation where the app is given to agents with a high
benefit, namely with z ~ Z,,.® Two remarks are due. First, the high adoption equilibrium
is locally stable, as displayed in Panel (a): for all shocks considered, the system returns to
its invariant distribution. We also note that the half life of the shock is much shorter when
the perturbation assigns the app to agents with a high benefit (z &~ ), as these agents
were going to get the app soon anyways. Second, Panel (b) reveals that the low adoption
equilibrium is unstable: the dynamics of the system following a perturbation are explosive,
i.e., the sequence in equation (25) does not converge so that the system does not return to
the invariant distribution after the shock. To appreciate the explosive nature of the path
nearby the low activity stationary equilibrium, notice the difference in the scales of the two

panels.

5 The Planning Problem

This section sets up the planning problem, characterizes of its solution, and shows how it can
be decentralized as an equilibrium with a subsidy.” The planner solves a non-trivial dynamic

problem since the state of the economy is an entire distribution.

8Parameters used for illustration: 6y = 26.32; 0,, = 5.72 - 09; U = 1; v = 0.0278; r = 0.05; o = 0.032;
c=2-10.54- 6.

9Appendix D.1 characterizes the stationary solution of this problem. Appendix D.5 uses a linearized
version of the problem to analyze dynamics around its invariant distribution, an exercise that is akin to the
one of Section 4.
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At time zero the planner solves:

max{/ / (U = mls, )5 60 + 6,N(0) ds

{z(t)} -

Density of adopters Flow‘b,eneﬁt
- [Teremim s ovena
0

Flow of adoption cost: gross new adoptions

subject to
Z(t)
N(t) = —/ m(s,t)ds for all t
0
2
mi(z,t) = —v (m(x,t) — 1/U) + %mm(x,t) for x € (0,Z(t)) and all t > 0 KFE
m(z,t) =0 for x € [Z(t),U] and all ¢ > 0 Adoption
mg(0,¢) =0 forallt>0 Reflecting
m(z,0) = mo(z) for all x . Initial condition

The objective function of the planner integrates the lifetime utility of agents using as a
weight the discount factor e~ for the cohort born at t. The first term contains the utility
flow of the agents who use the technology. The second term subtracts the cost of adoption,
where ¢(N;(t) + vN(t)) is the gross flow cost of adoption at time ¢. This flow cost is driven
by the inflow of new adopters N,(t) and by the replacement of dead agents (who had adopted
in the past) by newborns.!® The first constraint defines N(¢), the second constraint is the
KFE for the density of non-adopters, m. As before, the density is zero to the right of z(¢),
there is an exit point at Z(¢), and there is a boundary condition from the reflection at zero.

At each time ¢ the planner decides a threshold Z(¢) that determines adoption, taking as
given the initial condition mg(z) and the law of motion of the density m (affected by the choice
of z). To characterize the solution, we write the Lagrangian for this problem. We denote the
Lagrange multiplier of the KFE equation by e "*A(x,t) and replace N(t) and Ny(t) by the
corresponding definition. To derive the p.d.e’s for non-adopters, we first adapt the planning
problem to a discrete-time discrete-state problem using a finite-difference approximation. In
this set up, we allow for a more general policy, i.e., not necessarily a threshold rule. We
obtain the first order conditions for a problem in finite dimensions and take limits to find the

corresponding p.d.e’s, summarized in the following proposition.!*

%t) of the newborns

10At every moment there is an inflow v of newborns without the app. A fraction 1 —
immediately pays the cost ¢ and adopts, see Appendix D.2 for details.

1We provide details of this derivation in Appendix D.3.
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LEMMA 8. A planner’s problem is given by {Z(t), \(z,t), m(z,t)} such that adoption
occurs for x > Z(t), and the Lagrange multiplier A, and the density of non-adopters m solve

the p.d.e. for non-adopters:

pA(z,t) = x(@o + 60,1 — /Oj(t) m(s, t)ds]) + 0, (% — /Of(t) m(s,t)s ds) (26)

+ < )\m(x t) + Ae(x,t) for x < Z(t) and t > 0
Mz, t) =cfor x> z(t) and t > 0
A(Z(t),t) =0 for t >0 (27)

A:(0,t) =0fort >0

and my(z,t) =v(1/U — m(z,t)) + %Qmm(x,t) for v < Z(t) and t > 0
m(z,t) =0 for x > Z(t) and t > 0
m4(0,t) =0 fort >0
m(x,0) = mo(x) for all x .

This lemma has two important consequences. First, it allows us to compute the solution
of the planning problem following similar steps as the ones used to compute the equilibrium in
Section 3.1. Second it indicates how to decentralize the optimal allocation as an equilibrium.
Define Z(t fo (s,t)sds > 0 and note that this non-negative magnitude is the
difference between the average « in the population, U/2, and the average = among those who
have not adopted the technology (the integral term). Comparing the p.d.e. for the Lagrange
multiplier A\ in equation (26) with the p.d.e. for D that characterizes the equilibrium in
equation (9), we see that these equations only differ in the flow term 6, Z(t). Thus, if agents
who adopt the technology are given a flow subsidy 6, Z(t) every period after they have adopted
(independent of the app’s usage), then the planner allocation is an equilibrium. Clearly, this is
equivalent to a once and for all payment to agents adopting at ¢ equal to 6, ftoo e P 7 (s)ds.
Note that 6,,Z(t) contains the inframarginal valuation of the technology for those that use it,
so the subsidy’s work by correcting the externality associated with the individual adoption.

We summarize this discussion in the following theorem.

THEOREM 3. Fix an initial condition mg and the solution to the planner’s problem {z, A\, m}.
The planner’s allocation coincides with an equilibrium with the same initial conditions and

a time-varying flow subsidy paid to adopters given by 6,,Z(t), where

Z(t) =

MIS

Z(t)
- / m(s,t)sds forallt >0 (28)
0
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The subsidy 60,7 is independent of x.

For future reference, we define Z = Z(Z;my) as the solution of the path for Z defined
in equation (28). In particular, given Z and mg, we solve for m using the KFE and then
compute Z.

Consider the path Z that solves the p.d.e. pA(x,t) =z (6y + OnN(t))—FHnZ(t)—I—%)\m(x, t)+
Ae(z,t) with the three boundaries given in equation (27) given the paths of N and Z and
terminal condition A(z,T) = Ap(x). Let Z = XP(N, Z; \r) denote the functional, defined
as the X in Section 2.1, where the superscript P denotes the planning problem. Note that,
using the definitions for X¥ Z and A the planner’s problem must satisfy the fixed point
¢ = H(T*, A\p,mg) where H(Z; A\, mo) = XT(N(Z;m0), Z(T;mg); A\r). We can use the
analysis used in Section 3, based on monotonicity, to characterize the solution to this fixed
point problem, and to compute it.

Figure 3 illustrates how the application of the optimal subsidy leads to a high adoption
equilibrium. In Panel (a) of the figure, we plot the time path of the share of adopters, N(t),
for the planning problem, using the stationary equilibrium distribution of non-adopters as
the initial distribution (i.e., mgo(z) = m(x)). Let denote by Ny, the value of the equilibrium
steady state. In the planning problem, the path of N(¢) jumps immediately from Ny, (at the
time the subsidy is introduced) and gradually converges to the stationary distribution for
the planning problem.'? Panel (b) shows the time path of the optimal subsidy to implement
the optimal, Z(t), which starts at the value Z(0) = & — OjH m(s)sds and increases over
time. In this example, the high-adoption equilibrium has partial adoption, i.e., Ngs < 1, but
the efficient allocation, as can be seen in panel (a), converges to almost full adoption of the

technology.

6 Application: SINPE, A Digital Payments Platform

In May 2015, the Central Bank of Costa Rica (BCCR) launched SINPE Mévil (hereafter,
SINPE), a digital platform that enables users to make money transfers using their mobile
phones.'® To utilize SINPE, users must have a bank account at a financial institution and
link it to their mobile number. According to the BCCR, the primary objective of SINPE was
to become a mass-market payment mechanism that could reduce the demand for cash as a
method of payment. As such, SINPE was originally designed for relatively small transfers,

which are not subject to any fee as long as they do not exceed a daily sum. The maximum

12In this example, N, = 0.42.
I3SINPE is an acronym for the initials of “National Electronic Payment System” (Sistema Nacional de
Pagos FElectrdnicos) in Spanish.
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Figure 3: Planning Problem: mg(z) = m(x)
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daily amount transferred without a fee varies by bank; for most users, it is approximately
$310, although some banks have lower limits of $233 and $155.1% The average transaction
size in SINPE is about $50, and has slowly decreased over time, as shown in Figure G2.
While, in theory, firms are allowed to adopt SINPE and conduct transactions within the
app, in practice, transactions involving firms represent less than 5% of all payments. This
motivates us to study adoption through the lens of our model while focusing on peer-to-peer
transactions where small agents trade with each other, rather than one with a few non-
atomistic players (large firms). Appendix G.2 presents details on the transactions by user
type and between networks and discusses the slow adoption for person-to-business(P2B) and

business-to-business (B2B) payments.

6.1 Data

This section describes the battery of administrative datasets used in the paper. First, we
leverage data on SINPE transactions. Our data on SINPE usage is comprehensive: For
each user in the country, we have official records on the exact date when she adopted the
technology, along with records on each transaction made. In particular, for each transaction,
the data records the amount transacted along with the individual identifier of the sender
and the receiver of the money. Records also include the sender’s and the receiver’s bank.
Importantly, this information is available, not only for individuals, but also for firms.

We also leverage information on networks of coworkers for each formally employed in-

dividual, along with their income. Matched employer-employee data is obtained from the

HRespectively, these limits in dollars correspond with approximately 200,000; 150,000; and 100,000 Costa
Rican colones. These amounts correspond with 2021 limits and exchange rates.
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Registry of Economic Variables of the Central Bank of Costa Rica, which tracks the uni-
verse of formal employment and labor earnings. The data include monthly details on each
employee, including her earnings and employment history spanning SINPE’s lifetime (2015-
2021).1% With this information, we can identify which people are working at the same firm in
a given month to construct networks of coworkers which can be matched to SINPE records.
Networks of coworkers vary at a monthly frequency as people change employers.

While our baseline analysis focuses on coworkers networks, we complement its statistics
with those of other network types, namely, networks of neighbors and relatives. We construct
networks of neighbors for all adult citizens in the country leveraging data from the National
Registry and the Supreme Court of Elections. The data consist of official records on the
residence of each citizen.'® Data on nationwide family networks is available from the National
Registry and makes it possible to reconstruct each person’s family tree.!” The data includes
individual identifiers that can be linked to SINPE. The same data source provides details on
individual demographics. Finally, we leverage data on corporate income tax returns from the
Ministry of Finance for the universe of formal firms. The data contains typical balance sheet
variables since SINPE’s inception, and includes details on each firm’s sector and location.

Summary statistics on each type of network are reported in Table G1.

6.2 From Model to Data

As described in the previous section, we obtained (i) transaction-level data including informa-
tion on the senders and receivers who took part in each transaction since the app’s inception,
and (ii) individual-level data on networks from official sources. Further, crucially, we can
link identifiers in (i) and (ii). We leverage this substantial data effort to construct measures
of networks (V) for each individual and to obtain individual-level measures of adoption at
the extensive and intensive margins. Figure G3 shows the diffusion path of the technology
for the median network.!®

Our baseline analysis focuses on networks of coworkers—the network for which we can

more credibly identify network changes that are plausibly orthogonal to changes in app

151t is worth noting that informal workers are a relatively small share of all workers in Costa Rica (27.4%),
which is significantly below the Latin American average of 53.1% (ILO, 2002).

16Records include each person’s district of residence, with 488 total districts, and also include the voting
center which is closest to the citizen’s residence, with 2,059 centers in total. We leverage the latter to get a
more precise notion of a person’s neighborhood. See Méndez and Van Patten (2025) for further details.

1"We find that the average number of first-degree, second-degree, and third-degree relatives is 6 (median
5), 8 (median 7), and 14 (median 11), respectively.

18We classify networks (i.e., neighborhoods, families, firms) according to their level of adoption. In partic-
ular, we calculate the share of individuals within a network who had adopted SINPE by December 2021, the
last period available in our data set. We then compute percentiles of this share across networks to generate
a distribution.
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usage. This will enable us to document evidence of selection (z) and cleanly identify 6,
which governs the strength of the strategic complementarities and will be crucial for the
policy analysis and the estimation of the optimal subsidy. We will also emphasize changes
in the intensive margin of adoption, which can be mapped to our model, as particularly
informative for teasing out the role of strategic complementarities relative to other potential

drivers, such as learning.

6.2.1 Evidence of Selection at Entry

Through the lens of our model, early adopters—who started using the technology even when
the network was small-—should be more intense users (with higher z). Consistent with
this notion, we document that early adopters have distinct characteristics as compared with
users who adopted later. For this exercise, and throughout the entire paper, we classify
an individual as an adopter starting from the time when she first used the app. First, as
shown in Figure 4, we find that early adopters have a higher average wage as compared with
individuals who adopted later (Panel (a)), and are on average more high-skill (Panel (b)).

Early adopters are also younger, on average, than later adopters, as shown in Figure G5.

Figure 4: Average Wage and Skill at the Time of Adoption
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Notes: Panel (a) shows the cross-sectional distribution of SINPE users’ monthly wages in USD. Panel (b) shows the cross-
sectional distribution of SINPE users’ skills. High skill users are those that are in an occupation that requires more than a high
school degree. Both panels show averages weighted by the number of transactions of each user. Both figures include a vertical
dashed line to mark the start of the COVID-19 pandemic (March 2020).

Second, we can more closely bring the model to the data by interpreting the flow benefit

19VWe classify an occupation as high-skill if it requires education or training beyond a high-school diploma.
The dashed vertical line in each figure denotes the beginning of the pandemic, which just as in Figure G1
did not have a major impact on overall trends.
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of agents who adopt the technology as being proportional to how intensively they use SINPE.
Suppose SINPE users choose the intensity with which they use the app. Specifically, suppose

& is the probability of a transaction per unit of time, maximizing the following expression:

1+p
Y (x4, Ny) = argmax T, N )& — 22—,
& (e, Ny) gmax — B, Ni)&e 117

where p > 0 so that the problem is convex and [(z;, Ny) > 0. The first order condition
describes the optimal intensity with which the technology is used: & (zy, Ny) = B(zy, Ny)'/P,
and we can choose the function §(z;, V;) such that the indirect utility function gives the

specified flow benefit, i.e:

1 1+p
(0 + 0 Nl = max ";p Blae NG = 3 | for all ze € [0.U] and Ny € [0.1]. (29)

The solution is given by B(z;, N;) = [(6o + 6, N;) 2]+ ; combining this expression with the

first-order condition and taking logs with obtain:

Ing; = - ip In (6o + 6] + - ip In 2. (30)
Given the discreteness of the number of transactions in the data, & is interpreted as the mean
of a Poisson distribution; transactions each period are drawn from a Poisson probability dis-
tribution with mean & (i.e., T, ~ Poisson(&;)). Thus, if we were to remove the network x time
variation from the logarithm of the number of transactions, then they would proxy for In x;,
as through the lens of the model only the idiosyncratic variation would remain. The model
also predicts that users with a higher x would adopt the technology earlier. Thus, we can
obtain a relation between intensity of usage (T};) and the share of user i’s network who had

adopted the technology at the time when she first used the app (N

z,entry):
lnT'Zt =7 + CNz??entry + )‘;L + ViTtha

where n €{neighbors, coworkers, relatives} and T}, is defined as number of transactions of
user ¢ each month ¢. Our model predicts that { < 0, as users who adopted the app (“entered”)
when the network was smaller should have a higher idiosyncratic taste for the app and use it
more intensively—note that the inclusion of the network-time fixed effect, A\}', prevents this
relationship from being mechanical.

We estimate Qt to be —2.7 when defining a network as a neighborhood. This relationship

is shown in Column (1) of Table 1, and while suggestive, points to the presence of selection
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at entry. The relation is also robust to defining networks using coworkers and relatives, as
shown in Columns (2) and (3) in Table 1. The relation also holds if, instead of the total
number of transactions, we consider the value of transactions as our dependent variable, as
reported in Table G3.

Table 1: Number of Transactions and Size of Network at Entry

Dependent variable: Number of Transactions (IHS)

(1) (2) (3)

Size of Coworkers’ Network at Entry — -1.300%**
(0.043)
Size of Neighbors’ Network at Entry -2.730%**
(0.025)
Size of Family Network at Entry -1.1817%**
(0.006)

Observations 16,138,736 34,409,818 14,700,288
Network x Time/Cohort FE Yes Yes Yes
Adjusted R-squared 0.304 0.234 0.199

Notes: The dependent variable in this estimation is the number of transactions each month for each user transformed using
the inverse hyperbolic sine function. Coefficients describe the effect of increasing the share of an individual’s network who had
adopted the app at the time when she used it for the first time. All regressions control for network size (in levels) and use data
from May 2015, when the technology launched, to December 2021. Standard errors, clustered by network, are in parenthesis.

6.2.2 Estimating the Strength of the Strategic Complementarities

The core idea behind strategic complementarities is that usage benefits increase with the
size of a user’s network. Recall the expression in equation (30). Under this interpretation of
the model, the intensity with which the application is used, which is observable in the data
(e.g., number or value of transactions), is proportional in logs to the flow benefit of adopting
the application as described in the model. After taking the first order Taylor expansion of

In(fy + 6,,N;) around N* and plugging it into equation (30), we obtain:

lnTt%%p(ln(&o—l—@n]\f*)—l—%ﬁt—;@]]\\ft)+lnxt). (31)

Moreover, taking first differences, it follows that:
AInT, = BAN; + vy, (32)
where § = ﬁpm’%’ 0= z—g, and v, = ﬁpAInxt. Further, if p ~ 0, then ¢ = % Thus,

throughout all the tables in this section, we can evaluate N* at its mean value to recover
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Y from each f3; these are our coefficients of interest since strategic complementarities in the
adoption of the technology exist if 8 >0 <= ¥ >0 <= 6y > 0 and 6, > 0. Note that
equation (32) is in differences, therefore, any individual or network characteristics which are
time invariant will cancel out.

With these expressions, one can first naively run an OLS specification. We do so in
Appendix G.4 and find a significant correlation between the intensity of app usage and
the share of individuals in the user’s network who have adopted it. This correlation remains
robust across various network definitions, usage intensity measures, and specifications. Then,
we show that the impact of network size on usage intensity persists even after employing a
leave-one-out instrument to address potential endogeneity concerns and measurement errors.
Additionally, this relationship is unaffected when accounting for selection through a balanced
panel of adopters. However, to quantify the model, one ultimately needs to take a stand on

the causal impact of changes in the number of adopters; we do so by focusing on mass layoffs.

Usage After a Mass Layoff (Intensive Margin of Adoption). This strategy focuses
on the network of coworkers and implements both (i) a mover design, where we follow workers
displaced during mass layoffs to examine the effect of network changes on the intensive and
extensive margins of adoption and (ii) an analysis of stayers, in which we instead focus on
workers who remained at a firm after a mass layoff.?> The main hypothesis of the movers
exercise is that workers, who were displaced during a mass layoff and who ended up at firms
where a larger share of colleagues had SINPE (larger N), have more incentives to use the
app via the effect of strategic complementarities. Similarly, the idea behind the analysis of
stayers is that workers who remain at a firm that, for instance, laid off most of its SINPE-
using employees (smaller V), have now less incentives to use the app.

We first analyze the impact of a mass layoff on movers’ usage. To do so, we focus on
workers who were fired during a mass layoff and consider only displaced workers who had
already adopted and had used SINPE at least once by the time they were fired. We then
examine how the intensity with which they use the app changes depending on the change in
the share of coworkers who had SINPE at their old and new firm. As explained before, it is

possible to derive the relationship in equation (58) from our theoretical model, which speaks

20T define a mass layoff, we follow Davis and Von Wachter (2011) and identify establishments with at least
50 workers that contracted their monthly employment by at least 30% and had a stable workforce before this
episode and did not recover in the following 12 months. Given we also analyze stayers, we implement a few
additional refinements. Details are provided in Appendix G.5.1.
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to the technology’s usage intensity. Thus, we consider:

AInT; =a + CANYokers 4y Alnwage; + YA In size; + ¢ date hired;+

wACovid; + 0N + v1n Z Ty + v Z (In T4, new firm — 1N T, old firm) + €5 (33)
t=0 t=0

where A lInT; refers to the change in monthly intensity with which individual i used SINPE
within 6 months after arriving at her new firm compared with 6 months before being fired;
ANgoworkers is the change between the share of coworkers who had adopted at the old and
the new employer; Alnwage; corresponds with the change in the average wage (in logs)
across 6 months before the layoff and after the rehiring; Alnsize; is the change in the
number of workers at each firm; date hired; is a time fixed effect corresponding with the
month in which individual ¢ was hired by the new firm; ACovid; controls for the change
in the cumulative COVID-19 cases (transformed using the inverse hyperbolic sine function)
in the individual’s neighborhood across the 6 months before the layoff and after the rehir-
ing; ;. controls for cohort (i.e., the date when individual ¢ adopted SINPE); In) "7 T,
is the sum of all historical transactions made by agent ¢ since she adopted the app, and

o (I Ty, new fem — IN Ty, o1 fiem) s the difference in the (log) historical transactions made
by workers at the new firm and the old firm up until the move occurred, which aims to control
for factors—other than strategic complementarities—which might facilitate adoption at the
new vs. the old firm.?!

This is our preferred specification for several reasons. First, the results are likely not
driven by learning about the app since (i) workers had already adopted the app when they
were fired—and we define “adoption” as making at least one transaction—so they were at
least aware of the app’s existence and had used it before; (ii) we control for tenure in the
app (i.e., the cohort when the user adopted) and for the historical number of transactions in
the app, which as shown before correlate with observables like age, skill, and wage. These
variables aid in controlling for characteristics that are particularly relevant for intensity of
usage and are also useful to addressing learning to better use the app after adopting. Second,
of course, the choice of the new firm after a mass layoff is not exogenous, but this does not
pose a measurement problem as long as sorting is not (both): (i) stronger after a mass
layoff—note that there is no reason why this might be the case, especially as results hold
even when we focus on job-to-job transitions, where workers had little time to find a new job
after being fired exogenously—and (ii) not controlled for by the cohort of the mover, which

proxies for her idiosyncratic characteristics, and difference in the historical transactions at

21Results are robust to also including a dyadic interaction controlling for industry before and after the
move.
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the new vs. the old firm. The latter control, in particular, helps us rule out stories where,
for instance, workers select into firms where people use the app more intensively for reasons

other than strategic complementarities (like demographics or the internet speed at the firm).

Table 2: Intensity of Usage and Changes in Coworkers’ Network After a Mass Layoff

Dependent Variable: A Number of transactions (IHS)

(a) Movers (b) Stayers

(1) (2) (3) (4) () (6)
A Ngowerkers 2.646%H%  1.406%**  1.283FFK | 3.284%HFF (0.952%*  (.971**
(0.203)  (0.268)  (0.294) | (0.237)  (0.443) (0.435)

Alnwage; 0.383***  (0.385%** 0.203**  0.132
(0.070)  (0.077) (0.087)  (0.103)

ACovid,; 0.168%*F  0.167*** -0.010  -0.012
(0.027)  (0.032) (0.025)  (0.024)

Observations 917 917 917 2,236 2,236 2,236

Time FE No Yes Yes No Yes Yes

Cohort FE/Historical T No No Yes No No Yes
Adjusted R-squared 0.153 0.244 0.262 0.093 0.122 0.184

Notes: The unit of observation is the individual. We run regressions using data on mass layoffs which occurred between May
2015, when the technology was introduced, until December 2021. While time and cohort fixed-effects’ inclusion varies across
columns, all other independent variables in equation (33) are present across columns. Standard errors are in parentheses.

Panel (a) of Table 2 displays our results using the number of transactions per user as our
dependent variable. Changes in the intensity of usage depend positively and significantly on
the change in the share of adopters at the old and new firm. Panel (al) of Figure 5 displays
the marginal effect of these network changes following the specification described by Column
(2) of Table 2. As this panel shows, not only is the relationship between usage and network
changes positive, but also whenever a worker moves to a firm with a lower adoption rate, her
usage decreases (i.e., the change on the vertical axis is negative), a relationship that would
be hard to reconcile with a pure learning story.??

Column (3) controls for cohort, i.e., date of adoption, which aims to mitigate any effect
of more experienced users behaving differently than beginners. Column (3) also controls for
the total historical transactions made, which in a similar spirit as cohort, intends to mitigate
any effect resulting from learning how to use the app from others. Interestingly, as compared

with Column (3), adding these controls does not change the coefficient of interest almost at

22The marginal effect considering the value of transactions as dependent variable, as opposed to the number
of transactions, is reported in Figure G7. We also report the distribution of network changes in Figure G8
and the absence of pretrends in Figure G9.
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all. This result aligns with the following intuition: at the intensive margin—once users have
already adopted and used the app—a learning story is less plausible, as reflected by (¢ not
changing after controlling for cohort and historical usage.

The analysis can be taken to an even more detailed level if, instead of considering all
transactions in the left-hand-side variable, we focus only on those which had a coworker as
a counterpart. This subsample allows us to better identify changes in usage intensity which
are a direct consequence of the arguably exogenous changes in the network of coworkers.
Reassuringly, results are remarkably similar to those using all transactions, as shown in
Panel (a2) of Figure 5.

A similar analysis can be conducted based on stayers. Namely, we focus on workers who
remain at a firm after it experienced a mass layoff. Their change in N will therefore depend
on how the composition of SINPE adopters changed after the mass layoff. We then consider
a regression similar to equation (33), except for the last regressor which would be zero in this
case.”> Results based on stayers are reported in Panel (b) of Table 2 and Panel of Figure 5.
Remarkably, although the movers design is based on a very different sample than the analysis
based on stayers, the estimated coefficients in our preferred specifications, in columns (3) and

(6) of Table 2, are statistically equal.

Adoption After a Mass Layoff. Lastly, we analyze changes in the extensive margin of
adoption. For movers, we consider the change in the probability of adoption for displaced
workers who had not adopted the app by the time they were rehired, and how it depends on
the change in the share of coworkers who had SINPE at their old and new firm. We consider:

Adopt; =a + CANF™*s 1y Alnwage; + YA In size; + ¢ date hired;+

WACOUidi +v Z (lIl Tt, new firm — In Tt, old ﬁrm) + €y (34>
t=0

where Adopt; equals one if individual ¢ adopted SINPE within 6 months after arriving at her
new firm, and zero otherwise. Other variables are defined in the same way as in equation (33).
For stayers, we instead consider the probability of adoption for workers who were not fired by
a firm which underwent a mass layoff and how it depends on the change in the composition
of workers who had SINPE, before and after the mass layoff took place. We then use a
regression similar to equation (34), except for the last regressor which would be zero.
Panels (al) and (b1) of Figure 6 estimate equation (34) using a logit model. The marginal

effects of changes in network adoption are reported in brackets. The analysis of movers in

23 An additional control equal to the change in the average wage at the workers’ firm delivers statistically
equal results, both for the intensive and extensive margin analyses.
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Figure 5: Marginal Effect of Network Changes on Usage Intensity
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Notes: Panel (al) plots the marginal effect of ANFoworkers in the specification described by Column (3) of Table 2, while
Panel (b1) plots the marginal effect of ANFoworkers in the specification described by Column (6) of Table 2. Bars denote 95%
confidence intervals. The dependent variable in this estimation is the number of transactions (transformed using the inverse
hyperbolic sine function) on each period for each user. Panels (a2) and (b2) are similar, but differ as the dependent variable
in these estimations is the number of transactions which have a coworker as a counterpart (transformed using the inverse
hyperbolic sine function) on each period for each user. Results are robust to winsorizing the top and bottom 5th percentiles of
the distribution of network changes.
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panel (al) consistently finds that workers who, after a mass layoff, were hired by firms where
the rate of SINPE adoption was higher than their previous employer’s are more likely to adopt
SINPE than their counterparts who moved to firms where the change in their coworkers’ rate
of adoption was smaller. Reassuringly, panel (bl) also finds that workers who experienced
an increase in the share of adopters among their peers were more likely to adopt SINPE
themselves. The marginal effect of AN workers under the specification described by Column
(3) in each table, is shown in panels (a2) and (b2). These marginal effects are monotonous
and, as expected, are present only when the change in the share of adopters is positive,

regardless of the subsample considered.
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Figure 6: Adoption Probability and Changes in Coworkers’ Network After a Mass Layoff
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Notes: Panels (al) and (bl): The unit of observation is the individual. We run regressions using data on mass layoffs that
occurred between May 2015, when the technology was introduced, and December 2021. Standard errors are in parentheses.
Marginal effects for the main variable of interest are reported in brackets. Panels (a2) and (b2): The figures plot the marginal
effect of ANgOworkers in the specification described by column (3) of panels (al) and (bl), respectively, in this figure. Vertical
bars denote 95% confidence intervals.

7 Quantitative Performance and Optimal Subsidy

In this section, we calibrate our model and evaluate its performance relative to SINPE data.
We begin by describing an extension of the model that combines the model of strategic
complementarities with a learning model. The model with only strategic complementarities
assumes that all individuals are informed about the technology at all times. However, ac-

cording to the 2017 Survey of Payment Methods conducted by the Central Bank of Costa
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Rica, only about 4% of adults reported knowing about SINPE Mévil more than two years
after its launch. The hybrid model helps align the model with this fact and, as a result,
with the smooth and relatively flat path for N(¢) during the first few years after the launch

displayed in Figure 7. Next, we describe our calibration procedure in detail.

A Learning Model with Strategic Complementarities. It is straightforward to ex-
tend our benchmark model of strategic complementarities to include random diffusion of the
technology across agents. We adapt Bass’s (1969) model of information diffusion for new
products to our setup. We assume newborn agents are initially uninformed, and become
informed by randomly matching with informed agents. Thus, the variational inequality of
the adoption decision (i.e., net value of adoption a(z,t) — ¢ and the net optimal value v(z,t))
are the same as in the model with strategic complementarities, since this decision to adopt
can only be made after agents are aware of the technology. However, the law of motion of m
needs to be modified to include the inflow of informed agents as in a random diffusion model:
o’ Bo _
my(x,t) = 7mm(1’,t) + —=I(t)(1 = 1(t)) —vm(z,t) all t > 0 and z € [0, 7]
m(z,t) =0allt >0 and z € [z,U]

m(0,t) =0allt >0

where I(t) denotes the fraction of the population informed about the technology and the
parameter [y, which gives the number of meetings per unit of time between those informed,
I(t), and those uninformed, 1 — I(¢). The term B—U(’I(t)(l — 1(t)) is the flow of agents per unit
of time that learn about the app.?*

Calibration. We interpret the flow benefit of agents who adopt the technology as being
proportional to how many transactions they conduct, and assuming a convex adjustment
cost (i.e., p > 0). U can be normalized without loss of generality (we use the normalization
U = 1), so the problem features seven independent parameters: v,r,0,,0q,0, p, and c¢. The
model with learning has an additional parameter, 3y, and an initial condition for the informed
population, 7(0).

The parameters v, r, 5y and are calibrated externally. We set v to 0.0278 to match the
rate at which agents stop using SINPE; namely, the average fraction of agents in 2019-2021
who had adopted SINPE but did not conduct a single transaction in the app within a year.
We use the last three years of the data, when the adoption rate is higher, to focus on periods

closer to a stationary equilibrium. We set the discount factor r to be consistent with a 5

24Gee Section 3.4 for a discussion of simple learning models and Appendix E for additional details.
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percent annual interest rate. This value is a lower bound for r, which can admit higher values
if we assume agents expect new technologies to arrive in the future and replace SINPE. The
values of v and r imply p = r + v = 0.0778. Lastly, we calibrate 5y and I(0) jointly to
match two observed moments of the information diffusion process.?”> We use the expression
for the diffusion path (see Proposition 8) and set I(t;) = 0.0409 at ¢; = 31 months (based
on the 2017 Survey of Payment Methods) and I(t2) = 0.9617 at t, = 117 months (based on
a follow-up survey conducted by the Central Bank in 2025). This yields 5y ~ 1.0717 and
1(0) =~ 0.00287, implying that about 0.29% of workers were informed about SINPE Mévil at
the time of its launch.

The parameters 6,6y, 0, p are calibrated using simulated methods of moments (SMM).
Intuitively, we aim to choose parameters that make the model consistent with the distribution
of transactions in the data and the mass layoff exercise. To achieve this, in the data, we
focus on workers at firms active from 2019 to 2021 with more than 5 employees. We take
advantage of having closed form solutions for the steady state. Thus, we concentrate on firms
close to a stationary equilibrium, specifically those whose N (fraction of employees with the
app) changed by less than 0.1 percentage points in 2021. We then compute moments from
the empirical distribution of transactions over the years 2020-2021 and simulate the model,
replicating the same characteristics as our empirical sample. In addition, we simulate a
sample of firms that replicates the characteristics of those subject to a mass layoff. We do
this to run the same estimation, presented in Section 6.2.2, in the simulated data to obtain
information on the parameters governing the strength of the strategic complementarities. We
then choose the parameters that minimize the distance between the moments in the data and

the model. We provide more details of our strategy below.

Simulation. We begin by simulating the model for a monthly panel of agents. Our sim-
ulation takes as given the values of v, r, and [y, since they are calibrated externally, and
N, = 0.90, which is obtained from our sample of firms close to a stationary equilibrium.
Initial conditions x(0) are drawn from the stationary distribution of adopters. To find this

distribution, we first find Z,s using the following equation:

Ny =(1-2) [1—@3 (1—M>]

YT ss

25Diffusion models typically impose a small seed value for the unobserved initial condition. Observing
two moments of the information diffusion path allows us to identify it jointly with the transmission rate.
Standard SIR applications assume I(0) = eN for small ¢ (e.g., Acemoglu et al., 2021; Alvarez et al., 2021).
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Then, given Z,,, we find the distribution of adopters using the stationary distribution of

non-adopters:

m(z) = (1- %) (1 - %) where v = V2v/o
using that Ny, = I, — My, and I, = (1 — é) We simulate a panel of 5,000 individuals.?® In
the simulation, agents die at rate v and they become inactive in the application just as in the
data. The process of x follows a Brownian motion, independent across agents, with variance
per unit of time o, no drift, and reflecting barriers at x = 0 and x = 1. Since z is unobserved
and what is observed are transactions, as before, we interpret the flow benefit of agents who
adopt the technology as being proportional to how intensively they use SINPE. Thus, we
compute: & = [fp(1 + ﬁNss)xt]ﬁ, where ¥ = z—g, to find the number of transactions T; by

drawing them from a Poisson probability distribution T; ~ Poisson(&;).

Mass Layoff. We also simulate a panel of workers at firms with the same characteristics
as those experiencing mass layoffs in the data. Specifically, as presented in Table G12, we
simulate a sample of 292 firms with 94 employees each. We focus on workers who remain at a
firm after it has experienced a mass layoff (i.e., stayers).?” We then examine how the intensity
with which they use the app changes depending on the change in the share of coworkers who
had SINPE after a mass layoff. The change in N depends on how the composition of adopters
changes after the mass layoff, which involves randomly choosing and removing a fraction of
workers from each firm undergoing a mass layoff. We choose the magnitude of these mass
layoffs to match the average size of these events in the data (i.e., 57%). We then run the same
regression that is implemented in Table 2. First, we calculate the number of transactions
before and after the mass layoff event. Then, we regress the change in monthly transactions
within six months of the mass layoff event on the change in the share of coworkers who had
adopted the app before and after the event. The estimated coefficient is a moment that we

target in our calibration

Calibrated Moments. We target the following five moments: the mean number of trans-
actions, the median number of transactions, the absolute value of changes in transactions,
the coefficient of the mass layoffs regression, and the autocorrelation of the number of trans-
actions. As done throughout the paper, all the targeted data moments are calculated after

controlling for COVID-19 cases. Parameters 6,,, 6y, 0, and p are chosen to minimize the sum

26Qur estimates are not sensitive to simulating a larger sample of users.
2"Table 2 shows that the estimated impact of a mass layoff on usage is statistically equal for movers and
stayers.
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of the norms of the percent deviations of simulated moments from target moments.?® Table 3

reports the empirical and simulated moments.?’

Table 3: Moments: Distribution of Transactions

Parameter Value Std. Dev. | Moment Data Model
o 0.032 0.002 Mean Number of Transactions 6.88 6.84
0o 26.32 4.726 Median Number of Transactions 6.08 6.64
D 0.0059 0.0009 Absolute Value Changes in Transactions  3.48 2.76
9= 0; 5.722 0.343 Coefficient Mass Layoffs Regression 0.97 0.96
Autocorrelation of Transactions 0.97 0.95

Intuitively, the mean and median number of transactions provide information about 6,
and p, as shown by equation (30). The dispersion in the changes of transactions and the
autocorrelation of transaction provide relevant information to pin down o; a lower variance
decreases the absolute value of the changes in transactions but increases the autocorrelation
coefficient. Lastly, equation (32) shows that the coefficient of the mass layoffs regression
informs the estimation of 6,.3° Targeting this moment allows us to leverage the rich vari-
ation across networks to inform the model estimation. Importantly, by running the same
regression in both the data and the model, we do not rely on approximating the relationship
between the change in transactions and the change in the share of users who have adopted
the technology around the stationary equilibrium to obtain information about ¢, as done in
equation (32). Overall, Table 3 shows that the model is quantitatively consistent with the

empirical distribution of transactions.3!

Cost of Adopting. Lastly, the adoption cost, ¢, can be obtained from the solution of

the stationary problem for adoption, given a value of Z,, and the parameters 6,60y, 0. In

28This is, min Zf w(i)%ﬁfta(m, where Model(i) is a simulated i-th moment and Data(i) is a target
value of i-th moment. We assign half of the weight to each of the mean and median of transactions since they
provide similar information for the calibration. We assign twice as much weight to the coefficient of the mass
layoff regression, as this moment provides information about the strength of the strategic complementarities.

29We simulate the model 200 times and use the average values of the moments from the simulated data.
In the model and the data, we calculate the autocorrelation of the average transactions over two years to
minimize the impact of measurement error in the autocorrelation coefficient. The standard deviation of the
parameters is obtained from the the SMM variance-covariance matrix, which is obtained from calculating the
derivative of the criterion function with respect to each parameter.

30The learning model in Appendix E cannot capture the patterns observed after mass layoffs, as it features
random diffusion of the technology. Consequently, after adoption, an agent’s flow benefit does not depend
on the network size N (i.e., 6, = 0).

31 A sensitivity analysis of the relevant parameters can be found in Appendix H.
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particular, we use the following equation:*?

—~ - - _ _ 1 eni‘ss + 6—7]3_333 3 B B )
c=0s |Tss + Aqess + A26_77$SS _ (5 o enxss) (1 + nAleﬁJJss _ nAze—ﬁafss)

where n = /2p/o, A = (—) Ay = 1 0= and §,, = %tfaNes  The calibrated

e"le”l enen) p

parameters imply an adoptlon cost of c= 10.54 0y, which rationalizes the observed steady-

state adoption level N,. Importantly, our procedure does not assume a unique interior
steady state—only that the economy is observed at a steady state. The calibration relies
entirely on aggregation and the statistical properties of the unobservable state variable z and
transactions, without using agents’ optimality. As a result, parameters are estimated via the
method of moments, and the adoption cost ¢ is then computed using the firm’s first-order

condition to ensure consistency with the steady state.

Results. Using the estimated parameters, we simulate the dynamic model to obtain the
adoption path predicted by the model. Panel (a) of Figure 7 compares the path of adoption in
the model and in the data. The solid red line indicates the diffusion of the technology in the
median firm and the dashed lines represent the 10* and 90" percentiles after controlling for
COVID-19 cases.?® The figure shows that both the speed and the level of adoption generated
by the model are consistent with those in the data. Panel (b) shows the path of I(t), N(t)
and Z(t). The path of I(t) shows that most people are informed about the technology within
the first 7 years; in the stationary distribution, approximately 97.4% (i.e., I;s = 1— ) of the
population knows about the application and 89% of the workers the median firm adopt the
application as shown by the path of N(¢). Importantly, the declining path of Z(¢) indicates
that, consistent with our empirical evidence, the model features selection: agents that benefit
the most from the technology adopt first. This contrasts with the model that features only
learning, which shows no selection in the adoption of the technology.®*

Panels (c) and (d) of Figure 7 display the values of Ny and Zs in the stationary equi-
librium as we vary 9 and o, while holding others constant. These panels illustrate the
comparative statics of the stationary equilibrium derived in Section 3.3. Panel (c) shows

how the stationary level of adoption changes with ¥ and o (a black diamond denotes Ng’s

32All details on the derivation of this equation can be found in Appendix A.1.

33We adjust the adoption path in the data to control for the pandemic. To do so, we estimate the impact
of COVID-19 cases on the number of new users and subtract the predicted number of pandemic-driven new
users from the cumulative number of users.

34 Appendix H.3 presents a version of the model without strategic complementarities and only learning
(i.e., ¥ = 0). In this case, the path of Z(¢) is completely flat. Figure H7 shows the paths of N(t) and Z(t) for
different speeds of information diffusion; namely, different values of 5y. It shows that selection occurs in the
model even when the speed of information diffusion is very high.
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Figure 7: Path of Adopters (Short-Run and Long-Run)
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Notes: Panel (a) compares the path of adopters in the model and in the data. The solid red line shows the patterns of diffusion
of the technology in the median firm, where the percentile is calculated in the last period of the sample using the share of
individuals that had adopted the technology. The dashed red lines show the 10*" and 90*" percentiles. Panel (b) shows the
share of informed agents, I(¢), the share of adopters, N(t), and the levels of Z(¢) predicted by the model under our baseline
calibration. Panel (¢) and (d) show how Ngs and Zss change with ¢ and o, keeping the rest of the parameters constant. The
black diamonds indicate the levels of ¥ and o in our baseline calibration.

level in the baseline calibration). As 1) increases, so does the strength of the strategic com-
plementarities, and not surprisingly, N, increases as 1) rises. The effect of ¢ is more subtle
and results from two opposing forces. On the one hand, higher o decreases Ny, since agents
have a higher option value of waiting to adopt. On the other hand, higher ¢ increases N,
since it implies a smaller density of non-adopters below Z,. In our calibration the latter
effect dominates and Ny, increases with o. Panel (d) displays a similar exercise for Zs. It
shows that strategic complementarities ¥ play an important role in decreasing the adoption

threshold. Moreover, given 1, a higher o increases Z
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Variation Across Networks. The model is consistent with both high and low adoption
networks of firms, each implying a different path of adopters in equilibrium. Specifically, we
calibrate the model by targeting moments from individuals at firms whose level of adoption
is either above the median (high adoption) or below the median (low adoption).*> We target
the same data moments computed for different samples of workers, specifically those working
at firms whose average level of adoption is either above the median, N*9" = (.95, or below
the median, N!°¥ = 0.73, and we assume the same coefficient for the mass layoffs regressions
in both calibrations. We estimate a higher level of strategic complementarities (i.e., higher 1)
in networks with high adoption and a higher convexity in the cost of conducting transactions
in low adoption networks (i.e., higher p). Panel (a) of Figure 8 shows the path of adopters
in the two calibrated networks (high and low adoption) relative to the data, indicating that
these calibrated versions of the model are consistent with the 10" and 90" percentiles of
adoption in the data. Panel (b) show the path of Z(¢), which indicates the strength of the
strategic complementarities in each of the calibrated networks. In the high adoption network,
96% of the population adopts the application. In the low adoption network, only 73% of the

population adopts in the stationary equilibrium.

Figure 8: Variation Across Networks: Path of Adopters
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Notes: Panel (a) compares the path of adopters in the model and in the data. The solid red line shows the diffusion patterns
of the technology in the median firm, and the solid black line shows the diffusion patterns in the benchmark calibration of the
model. The dashed red lines indicate the 10** and 90" percentiles of adoption in the data. The solid magenta line shows
the path of adopters in the model calibrated for high adoption, and the solid blue line shows the path of adopters in the low
adoption calibration. Panel (d) shows the levels of Z(¢) under each of the calibrations, respectively.

Optimal Subsidy. Panel (a) of Figure 9 shows the optimal adoption path in the model

with complementarities (blue line) relative to the high-adoption equilibrium (black line).

35The details of the calibration can be found in Appendix H.2.
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Figure 9: Planning Problem: Solution and Optimal Subsidy
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Notes: Panel (a) shows the share of informed agents, I(t), the share of adopters, N(t), and the optimal levels of adoption,
N (t) (optimal), according to the solution of the planning problem. Panel (b) shows the path of the ratio between the optimal
subsidy 6, Z(t) and the flow benefit of the average adopter, Z(¢)(6o + 0, N(t)). Panel (c) shows the share of informed agents,
I(t), the share of adopters, N(¢), and the optimal levels of adoption, N(t) (optimal), according to the solution of the planning
problem for a high adoption cost and 70% of the population informed 7 months after the launch of the technology. Panel (b)
shows the same variables for a lower adoption cost and 70% of the population informed 7 months after the initial launch. The
initial distribution in both panels is mqo(t) = 1/U.

During the first three years after the launch of the technology, the optimal level of adoption
is similar to that of the equilibrium without subsidy. Afterward, the optimal path of adopters
from the planning problem is higher. In fact, by the beginning of 2020, it is equal to the total
number of informed agents in the economy—over 12 percentage points higher than the levels
of adoption observed in the data—and by the end of 2021, it is over 15 percentage points
higher. Panel (b) shows the path of the optimal subsidy.?® As the share of adopters increases,

so does the externality. Thus, the optimal subsidy, which is the same across agents, increases

36Figure 9 shows the subsidy 6,Z(t) as a ratio of the net flow benefits (i.e., (6p + 0, N(t))E(x|adopted)).
In the invariant distribution, the subsidy-to-benefit ratio is approximately 0.84.
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over time. To see why, notice the optimal flow subsidy in equation (28) can be written as
0,Z(t) = 0,N(t) x E(x|adopted),

where the expectation over x is taken over the set of agents that have adopted the technology
(see Theorem 3). The first term 6, N captures the size of the adoption externality, i.e., the
additional benefits for agents that adopt the technology. Thus, the subsidy increases as
more agents adopt. Conversely, E(z|adopted) decreases as more agents adopt, since the
marginal adopter has lower idiosyncratic benefits from adopting the technology. Intuitively,
the planner internalizes that subsidizing agents with low x also benefits the rest of the agents,
even if the subsidy to incentivize these agents to adopt is large. The first component of the
optimal subsidy dominates and eventually pushes the economy to universal adoption. The
optimal subsidy contrasts with that of a pure learning model, which is constrained efficient
and where the optimal subsidy to adopt the technology is zero. Importantly, the planner is
also constrained by the share of people who are informed; otherwise, while the subsidy would
still be increasing and the same across agents, there would be a “jump” in the subsidy level
as soon as the application is launched, as depicted in panel (b) of Figure 3.37

In Appendix H.2 we estimate the model using variation across different networks. Our
findings indicate that the model aligns with both high and low adoption networks of firms,
each implying different paths of adopters in equilibrium and different optimal adoption paths
in the planning problem. Consistent with our benchmark calibration, all versions of the model
show that the optimal subsidy pushes the economy toward universal adoption. Figure H6

shows that only for lower levels of ¥/ does the planner prescribe lower adoption levels.

Multiplicity. Our model can be used to study economies with higher adoption costs fea-
turing multiple equilibria. We consider an economy with higher adoption cost ¢ and higher
fraction of the population informed about the technology at launch. This example is mo-
tivated by a recent experience in El Salvador, where 70% of the population knew about a
payment app introduced by the government (i.e., Chivo Wallet) 7 months after its initial
launch.®® Panel (c) shows the possible paths of adopters N(¢) for this economy. It shows
that, when the adoption cost is larger (in this case 15% higher than in Costa Rica), the
low-adoption equilibrium where nobody adopts the technology is not ruled out; for the same
initial conditions, there is an equilibrium with high adoption and one with no adoption.

Panel (d) shows the same paths for a lower adoption cost. Our model allows for the study

37Figure H8 shows the optimal adoption paths and the respective subsidy-to-benefit ratios for different
speeds of information diffusion.
38The app allows users to digitally trade both bitcoin and dollars.
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and quantification of policies that eliminate the no-adoption equilibrium even if the optimal
subsidy is not implemented. In this case, a large enough permanent subsidy can lower the
adoption cost, solve the coordination failure, and send the economy to the high adoption

equilibrium, i.e., from Panel (c) to (d).*

8 Conclusion

Understanding the adoption process of a technology and the transition from low to high
adoption is challenging, especially in the presence of strategic complementarities. This paper
develops a new dynamic model of technology adoption that allows us to model this transition.
The model provides a framework to generate gradual adoption through a novel mechanism—
waiting for others to adopt—and allows us to derive predictions that can be tested empirically.
We solve for the social planner’s problem. The planner in our setup controls the entire
distribution of adopters across time. The presence of strategic complementarities enriches
the problem and allows us to link our results to the “big push” literature, as they imply that
small subsidies can lead to large changes in adoption given the multiplicity of equilibria. In
our framework, the optimal subsidy increases over time but it is flat across people, thus, easily
implementable. The methodology we develop can be useful for a wide set of multidimensional
dynamic problems, and can be applied to the study of any technology that features strategic
complementarities, learning, or both.

Our application analyzes new electronic methods of payment, which are particularly rel-
evant today and are undergoing a digital transformation. This revolution has been echoed
by a growing interest from monetary authorities to promote and develop digital payment
platforms, both in developed and developing countries. Using individual- and transaction-
level data on SINPE, a national electronic payment system adopted by a large fraction of
the adult population in Costa Rica, along with extensive data on the networks of each user,
we document that strategic complementarities play an important role in the adoption of this
technology. SINPE also provides a rich environment to calibrate the model, which allows
us to estimate the optimal time-varying adoption subsidy and the degree of selection into
adoption across time. These results have implications for the launch and implementation of

payment technologies with similar features such as CBDCs.

39The Salvadorean government did in fact implement a similar subsidy. As an incentive to adopt, citizens
who downloaded Chivo Wallet received a $30 bitcoin bonus from the government. Our model suggests that
the subsidy was not large enough to rule-out the no-adoption equilibrium given the low levels of adoption of
Chivo Wallet reported by Alvarez, Argente and Van Patten (2022).
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Appendix for Online Publication

A Proofs and Ancillary Results

Proof. (of Lemma 1). As a preliminary step we establish a correspondence and inequality
between sample paths of a Brownian Motion with reflected barriers 0 and U but with different

initial conditions. In particular, we can write x(¢, a) for each sample path a:
z(t,a) =x(0,a) + o [W(w,t) — W(w,0)] + u(t,a) — d(t, a)

where w are the sample path of the standard Brownian Motion denoted by W, where u(-, )
and d(-,«) are increasing processes in each sample path, where u(s, «) only increases when
z(s,a) = 0, and where d(s,«) only increases when z(s,a) = U for s € [0,t]. Consider any
sample path « for which x(0,«) = z; with a corresponding sample path w for the standard
Brownian Motion W. Then there is a corresponding sample path o' where z(0,a) = x5,
and with w = &' for W, i.e., the two sample paths correspond to the same path of W. Thus,
these two sample paths occur with the same probability. From the last observation it follows
that we can represent the sample path « by the pair w, z(0), where z(0) = x(0, «). Finally,
if 1 < xq, comparing these two sample paths we obtain z(t,a’) > z(t, «), i.e., we can pair
the sample paths that start with different initial conditions and that occur with the same
probability, and obtain that the one that starts at a higher value is (weakly) higher for all
future times, and strictly higher for ¢ small enough.

Now we turn to the main result. We proceed by contradiction, assuming that while it is
optimal to adopt at (x1,t), it is not optimal to adopt for (z,t) with zo > x;. Without loss
of generality we assume that ¢ = 0. Our hypothesis imply that for all stopping times with

71 > 0 it is not convenient to wait if 2(0) = xy, and thus

—c+E [/OOO e Px(t) (0o + 0,N(t)) dt | z(0) = xl] > (35)

E [—ce’m + / T e () (B + 6N (1)) dt | 2(0) :xll .

T1

or equivalently that

—c+E {/071 e z(t) (0g + 0,N(t))dt]| x(0) = a:l] +cE e |z(0) =21] > 0.



Likewise, for 2(0) = x5 there exists a 7% > 0 for which it is optimal to wait:
—c+E [/ e ' (t) (0o + 0, N (t)) dt | 2(0) = 25| +cE[e " |2(0) = z5] <0.
0

We use the characterization for the sample paths described above, to construct a stopping
time that only depends on the path w as: 71 (w, x1) = 7"(w, x5) for all w. Using this equality,
we immediately obtain E [e*™ | (0) = 21] = E [e™*"" |2(0) = 25|. Furthermore, using our

characterization above for each path w, we obtain:

E [ /0 " et t) (B + 0N (1)) dt | 2(0) = xl] <E [ /0 " e (t) (B + 0N (1)) dt | 2(0) = 22

*

_E [ /O " e (t) (Bo + 0N (1)) dt | 2(0) = xz}

Using this strict inequality we get a contradiction with equation (35), and hence we establish
the desired result. [

We give a normalization of the primal problem that is useful in the empirical application.
The lemma shows that the problem features five independent parameters, as U and 6, can

be normalized without affecting the dynamics of the technology diffusion.

LEMMA 9. The problem with parameters {c, p, v, g, 0y, 0,,, U}, initial condition my, f(z) = %

and equilibrium objects {Z(t), N(¢),a(z,t),v(z,t)} for z € [0,U] and ¢ € (0,T) is equivalent
to the following normalized problem {ULQ()’ PV Ty 1, Z—g, 1} for a normalized variable z = £ €
(0,1) and ¢t € (0,T") with initial condition mg(z) = U mg(x), f(2) = 1 and equilibrium objects
{@, N(t),a(z,t),0(z,1) } where a (z,t) = Opa (2U,t) and 0 (2,t) = yv (2U, 1).

Proof. (of Lemma 9). The proof is readily obtained by using the definitions a (z,t) =
Ooa (2U,t) and v (z,t) = Ogv (2U, t). 1t is straightforward to verify that these functions satisfy
the partial differential equations for a(z) and v(z) for z € (0, 1), including smooth pasting,

value matching and boundary conditions. [J

Proof. (of Lemma 2). For this proof we set up the problem as a stopping time problem.
We first prove a useful result in Lemma 10, showing that 7(N') < 7(N) if N’ > N. To
convert the result on the monotonicity of the stopping times, into a result of the threshold z,
we note that the optimal decision rule is of the threshold type, as established in Lemma 1.
We also show that exactly the same argument holds for the monotonicity with respect to 6.
These results allow us to apply Topkis’s (1978) theorem, which immediately establishes the

proposition’s result.



Next we set up the problem in terms of stopping times, and then state and prove
Lemma 10. [

Decision Problem as Stopping Times. Fix zy € [0,U] and ¢, € [0,7]. Let N €
C([to,T]) = {N : [to,T] — [0,1]} and 7 denote a stopping time. Let © denote the sample
paths that start at time ¢y with z(tg) = zg. A set L% = {7 : Q — [to, T]} is a lattice since
min{7y, 72} and max{7, 2} are stopping times.

Let w € € be a sample path that corresponds to a continuation of (zg,t) with measure
p(+|zo, to). We denote by z(-,w) : [ty,T] — [0, U] the sample path of the process for x that

starts at x(t) = xy. Then the objective function can be written as

Fr, N: 2, o) :/f(r(w),x(-,w),N)u(dw|x0,t0)

where
T
f(r,z(-,w), N;xo, t9) = [/ e Px(t,w) [0 + 0, N(t)|dt —e "¢

where F: L% x C([ty, T]) — R. We have the following important lemma:

LEmMMA 10. Let 0 = (0o,60,) > 0 and fix (x¢,%y). We establish three properties of
F(7,N;xg,tp): (i) it is submodular in 7; (ii) it has decreasing differences in (7, N); (iii) it

has decreasing differences in (7, 0).

Proof. (of Lemma 10). Result (i): Submodularity in 7 follows because F' is additive across
sample paths for all 7 and 7. We omit xg, o to simplify the notation. Fixing N we want to

show:
F(max{7r,7},N)— F(r,N) < F(7',N) — F(min{r, 7'}, N)

which follows because for each sample path w we have:
f(maX{Tv 7—/}7 N) - f(Tv N) < f(T/, N) - f(min{7—7 7'/}, N)

which holds since: 0 = f(max{7, 7'}, N) — f(r, N) — f(7', N) + f(min{r, 7'}, N).
Result (ii): We prove the submodularity of F', namely that given 7/ > 7 and N’ > N we

have
F(r',N")—= F(r,N') < F(r',N) — F(1,N)



To this end consider 7/(w) > 7(w) and compute:

F(/.N) = F(r,N) = [ (77, ) = (7, 0) ()

and for each w

T

f(r',N,w) — f(r,N,w) = / e P [0y + 0, N ()] z(t,w)dt — e " ¢

T/

N ( /TT e [Bo + 0 N ()] 2 (t, w)dt — e_pTc)

/

=— / e P[0y + 0, N ()] z(t,w)dt —e P c+ e e
Thus, for all N’(¢) > N(t) and all ¢

(f(T/aN,vw)_f(Tlevw))_(f(Tlvaw)_f(TvN7w))

o /r’ e~ [0y + 0, N'(£)] 2(t, w)dt + /T/ e P 0o + 0, N (1)) z(t,w)dt

Y / e NY(t) — N (1] a(t, w)dt < 0

Thus

™' (w)

F(+, N'Y—F(r, N')—(F(+, N)—F(r, N)) = —6, / ( / P [N () — N(t)]x(t,w)dt) j(dw) < 0

(@)
Result (iii): Following the same steps followed in (ii) assuming 6’ > 6 gives:

™' (w)

F(r',0)—F(r,0)—(F(7',0)—F(t,0)) = —/ (/ e P (60 — 6o) + (0, — 6,)N(t)] :E(t,w)dt) p(dw) <0

(@)

O

Proof. (of Lemma 3) The fraction of agents that have not adopted at time ¢ can be written

as

& (t) U U, gt
M (t) E/ m(z,t)dz:/ mo(a:)P(x,O,t)d:c—l—/ ﬁ/ P(x,s,t)dsdx
0 0 0 0



where
P(z,s,t) = Pr(X(r) < z(r), for all 7 € [s,t] | X(5) = z] e~ (36)

where X (-) is a Brownian motion with reflecting barriers in [0,U]. Thus P(z,s,t) is the
fraction of agents that at time s have X(s) = z, survive until ¢, and also have had X (r)
below the threshold z(r) at all times r € [s,t]. The first term in equation (36) is the fraction
of those that have not adopted at in the initial distribution, and still have not adopted, and
survive, at time t. The second term keeps tract of those cohort that have died at time s, and
replaced by new agents, and themselves survive and not adopt up to time t.

Consider two paths ' > Z and the corresponding probabilities and measure of non-
adopters P'(z, s,t) and M'(t) computed with z’, and P(x,s,t) and M (t) computed with z.
The set of events {X(r) < z(r), for all r € [s,t]} is included in the set of events {X(r) <
Z'(r), for all r € [s,t]}, since z(r) < Z’(r), and hence P'(z,s,t) > P(x,s,t). Thus M'(t) >
M(t). Since N'(t) = 1 — M’'(t) and N(t) = 1 — M(t), obtaining the desired result that
N'(t) < N(t).

The monotonicity with respect to mg follows immediately, since fOU mo(z)P(z,0,t)dz is
increasing in myq because P(z,0,t) is non-negative.

U

Proof. (of Theorem 1) Fix 6,,, mo and Dr (if T'is finite). We consider the function F : L — L
where we define L and a partial order > so that, to apply Tarski’s theorem, we need two
conditions: monotonicity of F and that (L, >) is a complete lattice. We first consider the
continuous time case which is more delicate.

Let us define the Lattice

L={N:[0,T] — [0,1] and N Lebesgue measurable }

Measurability is required to be able to define a(x,t) as in equation (2), which involves an

integral of the path of N. The partial order is defined as:
N*= N <= 0=L({t: N“(t) <N°(1)})

where L is the Lebesgue measure in [0,7]. Monotonicity was established in Lemma 2 and
Lemma 3 pointwise, and hence it holds with this weaker order.
The completeness of the Lattice requires that for any set of paths {N, € L,a € A},

where A is an arbitrary index set, i.e., not necessarily countable, the meet and the join are



in L. With these definitions we can check that the join, \/ ., N is equal to

\/ No=inf{Ne€L: N>N, ae Vac A}
acA

and that indeed the join belongs to L, i.e., that it is measurable. Thus the lattice is complete
and this verifies the sufficient conditions for Tarski’s theorem. The proof for the discretized
case follows the same steps but uses a modified Lebesgue measure.

The comparative static result follows from the properties of the mapping X and N es-

tablished in Lemma 2 and Lemma 3. O

Proof. (of Proposition 1) If an equilibrium without adoption exists, then N(t) = N(0)e™",
and hence if someone will adopt, it will adopt at time ¢ = 0. Moreover, if someone will adopt

it will be the one with = U. Thus, we compute the value of N such that:
c=E [/ e Px(t) [0y + 0,N(t)] dt|z(0) = U]
0
= OE {/ z(t)e dt|z(0) = U} +60,N(0)E {/ z(t)e” Pttt 2 (0) = U
0 0

We note that a(z;q) = E [ [} z(t)e " dt|z(0) = z] solves the o.d.e. ga(z) =1+ a"(z) with
boundary conditions a (O) =a (U) = 0. The solution of this o.d.e. is:

a(x;q) = % [2 4+ Aje™ + Aye™ "]
- 1 (l—e’nU) - 1 (l—e"U) _
Al = E(e*W—_eﬁU)’ AQ = Em and n= \/2(]/0'2

Evaluating a(x;q) at © = U we get:

WU q) = 1 U coth(nU) N csch(nU)
q n n

Using this in the expression for N we obtain the desired expression. [J

Proof. (of Lemma 4) The monotonicity of Xy, with respect to the parameters 0, = (0o +
0,N)/p is established in Appendix A.1. It is obtained by solving the o.d.e. for the value
functions, and using the boundary conditions. It is clear that the optimal threshold, fixing n,
solves an implicit equation ¥ (Zs) = nc/0,,, where the function 1 is derived in Appendix A.1.
This function is strictly increasing, and satisfies ©(0) = 0. Thus X, is strictly decreasing in

0,, and strictly increasing in c. A first order approximation of ¢ gives the expansion used in



the lemma. [

Proof. (of Lemma 5) That N is decreasing in Z follows immediately since tanh(z) is, for
positive z, concave and has tanh'(0) = 1. Thus N(Z) = £(—1 + tanh(zv)) < 0if z > 0.

That N, is strictly decreasing in v follows from differentiating tanh(Zv)/vy with re-
spect to . This derivative is proportional to —(tanh(Zv) — Zvysech®(Zv)) = —(tanh(zvy) —
Ty tanh’(Z7)) < 0, where we used that tanh(z) is strictly concave for z > 0. [J

Proof. (of Proposition 2). In the deterministic case, i.e., when ¢ = 0, there are at most
two interior stationary equilibrium (the case we focus on). To simplify the notation let

NO(Zs) = XN (Tss) and N%(Zys) = Nis(Zss). In each of the stationary equilibrium we write
N (2 (c)) = N° (2 (c), ¢) (37)

where j = {H, L} (for high and low adoption, with 7/ < z%).

The functions N* and N° and their derivatives are continuous functions of Z,, o, ¢, 0.
In each of the stationary equilibrium the functions N* and N¢ have strictly different slopes.
Some analysis shows that the functions N*, N intersect twice, and the derivative of N — N°
with respect to Z, is positive when the curves intersect at 2 and negative when the curves
intersect at the 7. We summarize this by writing N2(z) — N¢(z2) > 0 while the derivative
is negative at L.

Note that ¢ does not enter in N°. Differentiating equation (37) with respect to c:

0z(c)
oc

and again using the properties of each stationary equilibrium:
ozl ozt
W >0 > W
Following exactly the same steps we get:
oxL ozl

04, 06,




A.1 Solution for a(z) and o(x)

The solution to a is of the form:

0o + 0, N N
(SL’) =X ot + Ale"”” + A2€ =
p
for n = \/2p/0?, and
0 —"_ gnNSS 9 + HHNSS —
0= OT + (A — Az) = OT + (A" — Aye™™)

Thus, given 6y + 6, Ny, the constants (Aj, Ay) are the solution of two linear equations.

Moreover, the values of A;, Ay are proportional to 6, given by

90 + enNss
p

0 =n(dy—A) = n(Age_"U — Ale"U)

Let A; = A;/0.,, we can write:

1= 77(142 — Al) = 77([126_7’[] — A1677U>

which has solution:

- 1 (1 — e_”U) _ 1 (1 — e"U)
M=o —any T e —an)

The solution for o for x € [0, Z4] is of the form
0(x) = B1e™ + Boe "
Given the solution for a, then By, By, T4 solve:

0=n(B1 — By)
i (Tos) = 1(Bie"™ — Bye ")

a(Zss) — ¢ = B1e™ 4 Bye e

Thus, using the first equation By = By = B and taking the ratio of these equations:

Q

(Tgs) — 1 eM¥ss | e NTss

aw<jss) n (e”fss — e—ﬂfss)




Replacing the expressions for a(Zss) and a'(Zs), we obtain:

Tos + AreM7ss + Age™Mss — cff, 1 s 4 M
1 + 77 (Ale,r]fss — A2677’]fss) - /r] (e?’]d_TSS _ e—?’]a_jss)

Note that this is one equation for Z,, as a function of f,, (recall that A;, Ay are known

constants). The last expression can be written as

enfss -+ e_njss

(e’]fss _ efr]a’:ss) (1 + n (Alenjss — /_126_77555’)) — —iC

SS

NTgs + nf_llenjss + 7712126_775:53 -

which gives equation (16) in the main text.

Letting y = nZ,s and defining ¥ (y) we can write

_ _ Y -y _ _
bly) = y+n (Are? + Ape ) — % (147 (Are? — Age )
-1,
058

We can approximate the left hand side around z,, = 0, which corresponds to ¢ = 0. Using

that nA, = nA; + 1, we have the following properties.

1. (0) =0, %(y) >0ify >0

2. ¢/(y) = (G 50 ¥/(0) = §,¢/(00) = 1, and ¢ (y) > 0,

3. 9(y) =4+ g + o(y*) and limy vw-y _

Now we use 9 to solve for Z,, = x(n, ¢/0s) i.e., 2& = ¥(nx(n,c/0ss)). Ty is the unique

gSS -
solution of @ = 7=, which always exists. For fixed 0 <7 < oo and small ¢ using the first

order approximation:

c c
Y =NTss = 27_7— Oor Tgs = 2§—

since 1 = ‘/%7) the option value for a fixed 6 is given by:

m X (7, 0/588)

= =92
=0 x (00, ¢/0ss)
24nc

For fixed 0 < 7 < oo and small ¢, using the third order approximation 3%+ 12y = & = )




or:

1/3 1/3
B P VU S o PR PR
A U Y g\ 2" VI o7

For the case when o is small (i.e., n is large), let S(y) = y — ¥ (y) + 1 and recall that
lim, o S(y) = 0. Then, using the definitions of y and ¢ (y), this implies

lim@ X c><>,7i L2 )=
o=0 o 088 ‘953 \/%

Thus, for o small we can use:

C

g
— + — +
Oss  V/2p 0

Lss =

(o)

Alternatively, note that T., — \/%7) is the derivative of % with respect to o evaluated at

c=0.

A.2 Solution for m(z)

We can write the solution of the KFE as the sum the two homogeneous and the particular

solution m,, given T, i.e.,
m(x) = Cr1e™ + Coe™ 7 4+ my(x)

where v = y/2v/c2. The solution is

_ 1 (7" 4 e %)
——|1-
m<x> U [ (e’yfss _I._ 6_7j55>

} for z € [0, Zys]

Finally, we want to compute:

Tss Tss 1 YT —YT
1_NSS=/ m(x)dx:/ _{1_ (4™ 14,
0 0 U (e'yxss + ef'yctss)

This gives another equation for Z,, as function of 6.

10



B Discretization and Computation of Equilibrium

In this section, we describe an algorithm to compute the equilibrium. It is based on finding
a fixed point of the finite difference approximation of the HBJ equation and the Kolmogorov
forward equation.

We define the discretization of the model as follows:

DEFINITION 3. A discretized version of the model is defined by positive integers I, J which
determine the time and space step sizes: A, = = and A, = 7% Thust € T = {A,(j —1) :
j=1,...;J}and z(t) € X = {A,(i —1) : i =1,...,1}. The reflecting BM is replaced
by a process with: z(t + A;) = x(t) £ A, each with probability ¢ = %g’;f)g (1 —vA;), and
z(t + Ay) = x(t) with probability 1 — 2¢ for 0 < z(t) < U. If z(t) = 0 or z(t) = U, then
z(t + Ay) = x(t), with prob. 1 —¢q, and z(t + A;) = A,, or z(t + A;) = U — A, with
probability ¢q. Agents die with probability vA,, and use a discount factor (1 — Ayr). The
period flow of those that adopted the technology is [0y + 6, N (t)] x(t)A;. Agents that die are
replaced by other whose x is drawn from a uniform discrete distribution with probabilities

A, /U for each z. For any 0 < A; < 1/(r 4 v), the value of J, and hence A, must be chosen

so that 0 < ¢ < 1/2. In this case the value functions v and a can be represented as a vector
on v € R™7 the distribution of non-adopters m € Rff], threshold path z : T — X, and the
path of the measure of adopters N : T — [0,1]”. The initial condition is given by my € R%

and the terminal value by vy € RZ.

Next we derive and describe the decision problem in discrete time using HBJ, and later

derive and describe the discrete time version of the Kolmogorov forward equation.

B.1 Finite Difference Computation of HJB for v,a Given N

In this section we derive the finite difference approximation for a(z,t) given the path N =
{1

2
L0 |Gy T 205 iy | Gy @i

paij = T; (60 + GnN]) 2 (A )2 At

fori=2,3,...,] —1and j =2,3,...,J — 1, which can be rearranged to give:

ol
aij—1 = Ayai (B0 + 0,N;) + 5 a1y — 2ai; + @51+ aiy — pAay

2(As)

11



Thus we define:

and write:
ai,j,1 = At xX; ((90 + HnN]) + (1 — pAt) [pai,l’j + (1 — Zp)am + paiﬂ,j]
fort=2,3,..., —1,and j =2,1,J — 1, and

a1 = Arwy (0o + 0,N;) + (1= pAy) [(1 = plar; + pag,j]
arj—1 = Avxp (6o +0,N;) + (1 — pAy) [par—1; + (1 —p)ag ]

for j =2,...,J — 1 and at the terminal time we impose:
a,g=a;pfori=12....1

If we require that p € (0,1) and 1 — 2p € (0,1) then

A, T ~P*
VA, VT U

Y - - < Ax -

T, T —1-,T -1

We will use ar = a, i.e., the stationary equilibria a given Ny as:
(~lz' = At X; (90 + gnNss) + (1 — pAt) [pdi_l + (1 — 2p)(~lz +pC~Li+1]

fori=2,3,...,1 —1 and

a1 = Ayxy (6o + 0, Nss) + (1 — pAy) [(1 — p)as + pao]
ar = Apxr (0o + 0, Nss) + (1 — pAy) [par—1 + (1 — p)ar]

Now we set the equations for v using a. Following a similar derivation we get:

Vijo1 = max{—c+ai;, (1 —pA) [pri_1; + (1 —2p)vi; + puiy1]}

12



fori=2,3,...,1—1,and j =2,1,J — 1, and

v1jo1 = max{—c+ay;, (1 —pA)[(1—p)v; +pvasl}
vrj—1 = max{—c+ar;, (1= pAy) [pvi—1; + (1 = por,]}

for j =2,...,J — 1 and at the terminal time we impose:
Vi, g = Ui for i = 1,2,...71
Given v and a we can compute Z, which correspond to an J dimensional array as:

zj= min {z;:v,;=—c+a;;} foral j=12,...,J

{i=1,..,1}
i = {‘E?inl} {i:v; =—c+a;;} forall j=1,2,...,J so that

rj=ua foral j=1,2,...,J
We let X be the set:
X={{z;}):a;=(i—1)A,cachi=1,2,...Jand j=1,2,...,J}
We will use v = v, the stationary equilibria v given a as:
U = max{—c+a;, (1 — pAy) [pti—1 + (1 — 2p)0; + pUis1]}
fori=2,3,...,1 —1 and

0 =max{—c+ay, (1 —pAy)[(1—p)oy + pa]}
oy =max{—c+ay, (1 —pAy) [por_1+ (1 —p)og]}

B.2 Finite Difference Approximation of KFE for m Given x

In this section we derive the finite difference approximation for m(x,t) given the path z =

z;}1_,. We let 4; the index for which z; = x;. for all j.
1Jj=1 J J J

2
M1l — Mg 0" [ Mig1j — 2my 5 + My 1 , -
#:7 J (Am)g J}—V(mm—ﬁ fOrZ:2,3,...,Z]’—1
mi,jH:Oforz':gj,...,[

13



and j =1,2,...,J. We can rewrite the first equation as:

02 At 1 . -
mi7j+1 = 7 (Ax)Q [mHLj — 2mi7j + mi_lvj] — I/At (mi,j — ﬁ) + mi,j for 1 = 2, 3, N ,Zj —1
mi 1 =0fori=7d5,...,1

Defining ¢ as

. 0'2 At 1
T= A (1= vA)

we can write it as:

1
my i1 = (1= vA) (gma; + (1 — @)may) + vAy
1 . -
mi’j+1 = (1 — VAt) (qmiﬂ,j + (1 — 2q)mi,j + qmi,u) + yAtﬁ fOY 1 = 2, 3, e ,Zj -1

mi,jH:Ofori:@-,...,[
and j =1,2,...,J,
mi1 = mo(x;) and i =1,2,...,1

Given m we can compute the corresponding NV, i.e.:

1
Nj =1- (Z mmAx - m17]Ax/2 - mgjl’]Az/2> for j = 17 2, ceey J
i=1

This gives N (Z; my).

There is also the corresponding stationary distribution for /m, given the index i:

~ - - 1
my = (1 —vAy) (gme + (1 — ¢)my) + VAtE

1 _
m; = (1 —vAy) (gmip + (1 —2¢)m; + gmi—y) + VAtﬁ fori=2,3,...,7%

m; =0 fori=1:,...,1

and

I
Ny=1- (Z iy — 10y /2 — miss_lAm/2>
=1

14



B.3 Computing the Equilibrium Set

In this section we set up the fixed point given an initial condition my and terminal value
functions vy = v, ar = a and Dy = ar — vy for some stationary equilibrium. Recall that
F :10,1)7 — [0,1]” is defined as in equation (6). Thus, successive paths for N are indexed
by k£ and computed as

Nk :]—“(Nk;mo,DT) =N (X (Nk;DT) ;mg) for k=0,1,2,...

for some initial condition N°. To compute the equilibrium with the lowest path for N we
start with the initial condition N = {0,0,...,0}. To compute the equilibrium with the
highest path for N we start with the initial condition N° = {1,1,...,1}. The convergence
of N* for large k is ensured by Tarski’s theorem.

In Figure B1 we compare the computation that follows from discretizing time and state
space with the one that comes from linearizing the model, i.e., our perturbation. Both
computations start with the same initial conditions. For this figure we take as terminal value
function corresponding to the stationary value function corresponding to the high adoption
equilibrium, i.e., high value of Ny, and low value of Z,,. The common initial condition
is one where mg(z) = m(x)/2. We make two remarks about the initial condition. First, it
amounts to starting the economy with more agents with the technology than in corresponding
stationary distribution (recall that m is the density of the stationary distribution of agents
without the technology). Second, the shock (deviation from the stationary distribution) is
not a small one, hence the local perturbation might lose accuracy in principle.

The figure contains four lines. The two top lines display the computation of the path of
N based on discretization (label as Global) with the one based on the perturbation (label as
local). The two bottom lines display the computation of the path of Z based on discretization
(label as Global) with the one based on the perturbation (label as local). It is apparent
that both methods gives very similar answer, i.e that the linearization is accurate for initial
conditions far away from the stationary distribution. The other feature apparent with these
computations is that the stationary equilibrium is stable even starting far away from the

stationary distribution.
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Figure B1: Global vs Local Solutions
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— N(t) - Global

ol N(t) - Local |
—(t) - Global
— -Z(t) - Local

!
0 50 100 150
time ¢

C Perturbation of the Stationary Equilibrium

We study the evolution of the MFG where the initial condition is given by a small perturbation

¢ of the stationary distribution:
mo(z) = m(z) + ew(z) . (38)

We consider an equilibrium with {Z(¢,€), N(t,€), D(z,t,€), m(z,t,€)}. We will linearize this
equilibrium with respect to e and evaluate it at e = 0. For all ¢ € [0,T], we denote these

derivatives as follows:

0
p<$7 t) = —m(x, t, 6)
66 e=0
0
d(z,t) = —D(x,t,€)
Oe 0
0
n(t) = —N(t,e)
Oe I
0
y(t) = 5-z(t,e)
Oe 0
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C.1 Linearization and Solution of the KB Equation

We differentiate D(x,t,¢) with respect to € at each (x,t) to obtain d(z,t) which solves the
following p.d.e

2

pd(z, 1) = 20n(t) + %dm(m, £) + dy(z, 1) (39)

for x € [0,Z) and t € [0,7]. The boundary conditions are obtained by differentiating the

boundaries in equation (10) with respect to e. This gives:
0

Do (%)Y (t) + do(Zss, 1) = 0 (40)
0

for t € [0, 7] and d(z,T) = 0 for x € [0, Zs]. Note that equation (40) defines y(t) and that
Dzz(i‘ss) - &ww(jss) - @zz(i‘ss) < 0.
Taking the derivative of the solution for d(z,t) in equation (39) with respect to x and

combining it with equation (40) we find

y(t) = ~9—n) /tT G(t —t)n(r)dr (41)

D:r:x (fss

where G(s) = 372 e ¥® > 0 for s > 0, ¢ = p + %2 (%)2, and ¢; = 2 (1 - %)
An important property of this is that, since G(s) > 0 and D,,(Zss) < 0, an increase in future
adoption of the technology (i.e., future values of n(7) > 0 for 7 > t), then the threshold
for adoption is smaller (i.e., more people will adopt today). Next we provide details of the

solution of the p.d.e. for d. We have

LEMMA 11. The solution for the KBE equation for d, satisfying the p.d.e. in equation (39),

and the boundary conditions in equation (40), is given by

d(z,t) = @(x)d;(t) for z € [0, &) and ¢ € [0,T]
j=0
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where for all j = 1,2, ... we have:

;(2) = sin ((é +j> . (1 - xi)) for z € [0, Zys]

d;(t) = /T e ViTD 2 (r)dr for t € [0,7]
N In (), ) o 2T g _ cos(mj) -
Zi(t) =6, (t)—<%’%> 0, (t)—(% e (1 — %)) for t € [0, 7T

2 1\ 2
Ly
where ¢j5p+% (M

where (p;, h) = Oj“ h(x)p;(z)dx. The proof can be done by verifying that the equation

holds at the boundaries, and that for ¢ > 0 the p.d.e in equation (39) holds in the interior
N . .
since Oy, pj(x) = — (%) @;(z), and 0,d;(t) = ;d;(t)—2;(t) fort € [0,T] and j = 1,2, ...,

and since the {¢;(x)} form an orthogonal basis for functions. Note finally that the boundary
holds at ¢ = 0 for x € [0, Zss|, and that the derivative of the solution for d, used to solve for

y in equation (40), is

dy(Tyst) = —0,, isn(s)ds  wh 52(1—M)
Jf / 206 S wnere CJ 77'(]_'_%)

C.2 Linearization and Solution of the KF Equation

We differentiate the KFE for m(z,t, €) with respect to € at each (z,t) to obtain:

Pu(,t) = Tpan () = vp(, ) (42)

for x € [0, %] and t € [0, T7.
Differentiating the boundary conditions m(z(¢,€),t,e) = 0 and m,(0, ¢, €) = 0 with respect

to € we get
My (Ts5)Y(t) + p(Zgs, t) =0 (43)
p(0,) =0
The initial condition comes from differentiating mg(z) with respect to e
p(0,7) = w(z) (44)
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The solution for p satisfies the p.d.e given in equation (42), its boundary conditions in

equation (43), and the initial condition in equation (44). We have

LEMMA 12. The solution for the KFE equation for p, satisfying the p.d.e given in equa-

tion (42), the boundary conditions in equation (43), and the initial condition in equation (44),

is given by
p(z,t) = Z 0;i(z)p;(t) +r(t) for x € [0, %] and ¢t € [0, T
r(t) = — My (Tss) y(t) for t € [0,

where for all j = 1,2, ... we have:

pi(t) = p;(0)e " + /0 6_“j(t_7)dj(7)d7 for t € [0, T
q;(t) = —(r'(t) +vr(t >><<¢1; f;j> for t € [0, 7]

[\Dlr—l

(( ) (1_§)) for & € [0, T

(a0 4y, oy 2 (A0

where p;(0) = 5

where (p;, h) = Ox“ h(x)p;(x)dz. The proof can be done by verifying that the equations

hold at the boundaries, that for ¢ > 0 the p.d.e holds in the interior since

D) = =13y (1) + G5(0) for t € [0,7] and j = 1,2, .

and since {y;(z)} form an orthogonal bases for functions, and finally that the boundary
holds at t = 0 for = € [0, Zs], and it holds at z = T for every 0 <t < T

Given p(x,t) we can compute n(t) as:

n(t) = — /0 " o e

_ ng(t) + TelEe) /0 "It — gy (45)

Ss

9] LS ot + _ 00 Tos ) S
where J(s) =7 e " with p; = v+ 1o < (ms ])> and no(t) = -3 7, W(%H)%e Hit,
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C.3 Equilibrium in the Perturbed MFG

Recall that from equation (41), g(t) is equal to

y(t) = %/}f G(t —t)n(r)dr

where G(s) = 3772 cje** for s > 0. From equation (45) we also know that n(t) is

n(t) = no(t) + ha(Tss)0” / J(t—7)
xSS

where J(s) = > ge ™ and no(t) = — 77 - x“ f:j];])ﬁ #it. Combining equation (41)

and equation (45) we get

n(t) = +@xss// (t — 7)G(s — T)n(s)dsdr
— no(t) + O(ir) /0 /0 M G — ryn(s)dsdr
— no(t) + O(.) /0 UKt s)n(s)ds

where K (t, s) fomm{s & J(t —7)G(s — 7)dr and O(,,) = %. Using the definitions
of J(s) and G(s) we find

min{s,t}
/ J(t—71)G(s —T)dr

min{s,t}
( e Hi(t= T)) <Z Cje—wj(s—r)> dr
=0

min{s,t}
Cje—,uit—sz / e(ui+¢j)7d7_
0

o

I
WE
WE

0

0y

.
Il

e(ui—&-z/;j)min{t,s} o 1:|
i + 1;

[
M8

o

Cje—,uit—sz [

I
o

1=

J

<m+wj>t}

Note that K(t,t) =3 7= > ¢ [% -
iTP;
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To calculate the Lipschitz bound Lip, = sup,¢o 1 fOT |K(t,s)|ds, let

T
s (1) = / =3 gy min{ts) _ 1)
0

so that

Computing the integrals in r;;(t) we get

t T T
Kij(t) :/ e Ml HiS ] g +/ e Vit=v¥isqs —/ e Hit=Yis g
0 t 0

e Hit(erit — 1) N eVit(e=¥iT —e=¥it)  emHit(em¥iT — 1)

Hi —1; - Bz
B (%7 ) (L= et e ¥l (et — et

and as T — oo

. — M _e—#it
i) ( VjH; )(1 )

< (0 +H’i'
(e

Using that fOT |K(t,s)|ds < [[7|K(t,s)|ds we get
/ Ktowts =323 o

> e

7 7=0 ,U,Z J

(50 ()

We can use the definitions of p;, ¥;, and ¢; to further simplify this expression. First note

Mg HMg

IN

Il
o
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that

IA
LR
- —

where we obtain the bound for v = 0. Notice also that

2(1- )
z Ly

i=0 p+ 1% 2(—”(,%% ’

IA

i, (12 55)
o* = (r(5+7)
4z 1 (=Y
o g((ﬂ%ﬁf <w<%+j>)3>
472, 1 1
= Z(é‘l)

J=0

where the bound is obtained for p = 0. Putting these together we find the Lipschitz bound
L1p—sup/Ktsds< — 2L
K te[0,7 ; jz; ZZJ]

o\ 2
_ (T
o )’
A sufficient condition for the existence and uniqueness of the equilibrium IRF, i.e., of the

uniqueness and existence of a solution to equation (23) is that |O(Zs,)|Lipg < 1. To establish

a bound for ©(Zs), in terms of the fundamental model parameters, that ensures existence
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and uniqueness, we use the definition of O(Z,) and the Lipschitz bound as follows:

0 (VZss)? tanh(yZ,,)
20 (b0 + 0 (1= 2 + 00220 ) ) 9, — peny

where we obtained D,,(Z,s) evaluating equation (9) at Zss and using equation (17), and we

calculate 7, (Zs) from m(z) = & (1 - ngil(l%tz))

D Planning Problem

This section collects several results used to analyze the planning problem.

D.1 Planning Problem, Stationary Case

A stationary equilibrium is characterized by two constants N, and T, that solve the time
invariant version of the p.d.e. stated in Section 5. The p.d.e. for non-adopters in the

stationary case becomes the following o.d.e.:

,05\(1’) = J;(HO + QnNss) + 0,7, + %ijm(x) if v < 74 KBE
M) = FOC
S\w(fss) =0 Smooth Pasting
A2(0) =0 Reflecting
2
0=—vm(z)+vf(z)+ %mm(m) if v < g KFE

m(zss) = 0 and m,(0) =0

and given m and Z,s, Ny and Z,4 are defined as:

Ny, =1 —/ m(z)dz
0
Zss =U/2 — / zm(x)dx
0

Recall that :\(fss) is the Lagrange multiplier of the law of motion of the density of agents
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that have not adopted for the stationary case. The details of the solution can be found in
Appendix D.4. The following proposition summarizes the solution of planning problem at a
stationary distribution.

PROPOSITION 3.  Let 0, = (0o+0,Ngs) and n = /2p/c?. For fixed 0 < n < oo and small

1
p

= c O0nZss : : : = _ c OnZss o
C, Ty = 2 <§55 — péT)' For the case when o is small (i.e., 1 is large), Z,s = A S v

Proposition 3 indicates that the solution of the stochastic version of the planning problem
also has the option value present in the equilibrium. This proposition can be used to show
that the stationary level of adoption in the planning problem is higher than the adoption
level of the the high-activity stationary equilibrium.

D.2 Dynamics of N and Flow of Adoption Cost

Recall that

. (t)
— —ma(t).) 0 - /0 ez, )da

=0

where the first term is zero because of the exit point of the distribution of non-adopters.

Using the law of motion of m

Z(t)
Ny(t) = —/ (—Vm(x, t)+vf(x)+ %Qmm(x, t)) dx
0
z(t) - 2 pa(t)
= 1//0 m(z,t) — %(t) - %/0 My (T, t)dx

vi(t) o? -
- 3 mg(Z(t), t) —mg(0,t)

= v(1- N(1))

<0 =0
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where the last term is zero from our assumption of reflecting barriers. Let the adoption cost
per unit of time A(t) be defined as

A(t) = ¢ (Ny(t) + vN(t))
:c<1/(1 — N(t)) —

(o (1 50) - Z et

where the first term are the agents that are replaced with > Z(¢). The second term are

the agents that hit z(¢) from below per unit of time so they pay ¢ and adopt the technology.

D.3 Derivation of the PDE’s for the Planner’s Problem

To derive the problem in continuous time, we write the adoption problem in a discrete-
time discrete-state setup. We do so by using the finite-difference approximation and then
considering the planning problem in that set-up. We obtain the first order conditions for a
problem in finite dimensions. Lastly, we take the limit to develop the corresponding p.d.e’s.

First we derive the finite difference approximation for a Brownian motion reflected be-
tween two barriers. The time step is A, so that times are between ¢t = 0, A, 2A,.... The
space step is A, so that € {xy,x2,..., 27}, where x; = 0,2; = U and ;41 —2; = A,. The
p.d.e. inside the barriers is

2

my(x,t) = —vm(x,t) +vf(z) + %mm(x, t)

Its finite difference approximation is:

0_2 (Mig1e — 2mi + Mi—14)

2 (Aq)?

Myt A — Myt

A

= —vm; +vf; +

fori=2,...,1 —1. We can write the finite difference approximation as:

MigA = My (1 —VvA -0’ —

+02 A . +02 A ‘
2 (AT 2 (AT

For the finite approximation, we have that since the law of motion must be local, and mean
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preserving:

A
M gpn = My (1 —VvA — UQW) + firA
o2 A o2 A
MRV N7 EREE
m =m 1—1/A—02i + fivA
It+A = Mgy (Ax B I

o2 A o?

A
+ 7wm1—1,t + ?Wml,t

T

We can write the l.o.m. at the boundaries as:
mMy+A = Mg (1 — I/A) -+ flyA +

mLHA =Mmyy (1 — VA) + f[l/A +

At the reflecting boundaries = 0 and = U, the boundary conditions is m,(x,t) = 0.

Note that as A, — 0 we require that

(m171,t - m[,t) . (m2,t - ml,t)

A = A — 0

Now we get back to the planning problem. We will have two measures, {m;} and {g;.}.
m; is the measures of those that have not adopted and g;, the measure of those that have
adopted. Let a;; > 0 be the measure of adopting at ¢ with o = x; at . Thus at time ¢, the
measure o, is transferred from the measure m;; to the measure g; ;. Note that m;;+g;; = %
since the sum of the two is the invariant (uniform) distribution. The initial conditions are

gip = 0 Vi and m;o = 7 all non-adopters. The law of motion of the state is then:
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A
0 S my+nA =M1y (1 Ax) ) + fl/A
Lo o? A A o2 A B
2 (AT A
s A
O<mzt+A_mzt 1 - O—W +fVA
o2 A o2 A ,
+?sz+lt+ SRTE g Amiy — gy for i =2,
A
0 <mrsrn =mry (1 vA — o? A )2) + frA
o A o2 A
+ 5—(Aa:)2ml 1t + = (Ax) — Oy

which can be written in vector notation as:

M1 = Lmy —ay >0

where L is an I x I stochastic matrix which depends on I,v,0% A and A,. We assume that

A (v + (0/A;)?) < 1 so that all implied probabilities are positive.

1! g
A _ .

=0 [1=0,A2A,...}

where

Ulmy) = le G _ mit) (90 +0,

=1

I
1-— Z mj,t] > T
j=1
subject to the law of motion:
my, = Lmy — oy for all t =0, A, 2A, ...

and subject to non-negativity:

mj1 > 0and a;p > 0forall 5 =1,...,1, and for all t = 0, A, 2A, ...

Let (H—Ar)

27
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vector of the matrix L . The Lagrangian £ becomes:

L= > (1 :Ar)t {u (my) A — ZZI;%C}

{t=0,A,..}
1 (1
+ Z <1—|—Ar> {Z)\it (mi,t+A—Li'mt+Oéit)}
{t=0,A,... } i=1

The derivative of Lagrangian with respect to «;; gives:

oL 1 K
Oajy - <1+Ar> Wi =]

The derivative of Lagrangian with respect to mj, for 2 < 57 <1 —1 gives:

oL ([ 1 tau(mt)A
amj,t_ 1+ Ar

+(1+ ) { tA1+Ar)—Aj,t<1—uA—02ﬁ>}

| A
(1+Ar) T (A, e T A

where

We can write mj, for 2 <7 <1 —1:

1 \"'oaLc  au(m)
= A4+ X a(l+A
(1 -+ Ar) (9mjt am]’t + >\J7t A( * T)

A o2 A
= Ajit (1 —VvA - UZW) Y (A,)? [Ajrre + Aj-ri
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and rearranging:

A

1 )‘t 0L OU (m)

(1 + Ar))\j,th - (1 T AT

0mjt 8mjt
a2 A
_|_ J—

ar) TEy

dividing by A and further rearranging the expressions:

+ )\jﬂf (1 — VA — 02 [)\j+1,t + )‘j—lﬂf]

B 1 \"1 9L ou(m)
“*”W'M—(m> Aomy, ~ omy, VYT hiea)

Ajt = Aji—a o Ajgi — 200+ A1y
2 G Ry TNE

For the bottom boundary j = 1 we have:

1\ oL ou(my)
= A All+A
(1 + Ar) omayy oma +A-a(l + Ar)

A o2 A
— )\17,5 (1 — VA — O'QW) — 7 (A )2 [)\Lt + )\27t]

1 -t 1 3£ 81/{ (mt)
“*”W—A—(m) N i A U

)\1,15 - )\1,th o? 1 )\Q,t - )\1,1&
i (T) oA, (A—)

For the top boundary j = I:

1 \"1 0L ou(my)
(7’ + V))\I,t—A = (H—AT’) Kamh — Omy, 4 (>\[,t - AI,t—A)

Thus the limit as A | 0 and A, | 0 is that
A (0,8) = A\ (U, t) =0
The first order condition with respect to a;; for t =0,A,... and j =1,...,1 gives:

Ajg—¢<0, a5 20and , aje[Aje — ] =0
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The first order condition with respect to m;, for t = A,2A, ... and j =1,...,I gives:

oL oL
<0,muy=>0 and myu——=0
= gt gt am]’t

0mjt
Note that as A | 0 and A, | 0 and z = x; we have

ou (my)

8mjt

— x(6g +0,N(t)) + 6, (% - /OU m(z,t)z dz)

Consider a ; = x for j = 2,...,] —1 or 0 < & < U. Take the f.o.c. for m;; derived
above and assume that % = (. Take the limit as A | 0 and A, | 0:

(r+ )Mz, t) = 2(0p + 0,N (1)) + 0, (% - /OU m(z,t)z dz)

o2
+ Ne(z,t) + ?)\m(x,t)

If instead 8675, <0, then
gt

(r+v)A(z,t) < x(0g + 0, N(t)) + 6, (% — /OU m(z,t)z dz)

o2
+ M(z,t) + ?)\m(:c,t)

We derive the smooth pasting condition here. Suppose that at ¢t we have A;; = ¢ for all
i > j, ie., for all @ > Z(t), or AN(z,t) < ¢ for v < Z(t) and A(z,t) = ¢ for x > Z(t). Assume
also m;, > 0 and m;_;, > 0, so that 0L/0m = 0 for both. Then we can write the f. o.c. as:

_oU (my)

amﬁ — VUV (C — )\j,th)

C_)‘j,th O'2 1 C_2C+)\j71,t
* (T) T3A, ( A,

Taking the limit as A, | 0 we have: A\, (z(t),t) = 0.
In summary, a planner’s problem is given by {Z(t), A\(x,t), m(x,t)}, namely the path of

(r+v)e=

the optimal threshold (so that adoption occurs for x > Z(t)), the Lagrange multiplier A\, and

30



the density of non-adopters m, respectively, such that the p.d.e. for the non-adopters is:

my(z,t) = v(1/U —m(z,t)) + %Qmm(x,t) for x < Z(t) and t > 0
m(z,t) =0 for x > z(t) and t > 0
m(0,t) =0fort >0

The p.d.e. for the non-adopters:

pA(z,t) =z (0 + 0,[1 — /Of(t) m(z,t)dz]) + 6, (% — /Of(t) m(z,t)zdz)
+ %QAM(:U,t) + Me(x,t) for x < Z(t) and £ > 0
Az, t) =cfor x> z(t) and t > 0
Ae(Z(t),t) =0for t >0
A:(0,t) =0 fort >0
The conditions for z are:
e We look for Z(+) to be continuous ¢ > 0.
Conditions for m:
e We look for m(-,t) to be continuous for all z € [0,U] and ¢t > 0.
e We look for m(-,t) to be C? for all z € [0, Z(t)], and ¢ > 0.
e We look for m(x,-) to be C* for all z € [0, Z(t)], and ¢ > 0.
e The initial boundary condition for m is m(x,0) = 0 for all z € [0, U]
Conditions for A:
e We look for A(+,t) to be C! for all z € [0, U].
e We look for A(-,t) to be C? for all z € [0, Z(¢)], and ¢ > 0.
e We look for A(z,-) to be C! for all z € [0,Z(¢)], and ¢ > 0.

e The final boundary for A is A(z,7") = 0 for all x € [0,U] (T may be +00).
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D.4 Solution of the Stationary Planning Problem

The solution for \ of the form

. 0o + 0,Nys 0, _
o) = e 20N | On g e 4 G
p p

for n = \/2p/0?, and

0 QnNss T —nZ
L + n(clenxss _ 026 772?35) — O

9 + enNss
T (G- Gy =0

Thus, given 0y+0,, N5, and Zs,, the constants (Cy, Cy) are the solution of two linear equations.

Moreover, the values of A;, Ay are proportional to 0, given by

n 0 +‘9nNss —nF T
058 = 0— == 77(02 — Cl) = 77(026 NTss __ C’leﬂ 35)

P
Let C; = Ci/éss. We can write:

1= ﬁ(éz — él> = T](égeiniss — élemfss)

which has solution:

L1 (1=
G -t (1 —e™)
n (e_nmss — e"]@ss)
L1 (1 e
Gy— 1 =)
fr] (6_771355 . e"?xss)

Using value matching we get:

0, - ~ .
NTss + 7 Zss +n(Cre""s + Coe M) = =—¢

Letting y = nZs we can write

- - 0,
U(y) =y +n(Cre? + Ce™) + inZss
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Using nég =1+ 776’1 and the definition of C’l we get

~ B (1—e7Y) _ 0,
= y _ y y Ly
v(y)=y+e (ey_e_y)(e +e )+77p933
We have the following properties:
S e
1' ¢(0) - npéss ss
2./ (y) = (zjﬁ; s0 9/(0) = %71;/(00) =1, and 9" (y) > 0,
7 ‘ . 12;( )_ - qinZss
3. 0(y) = 4+ 1+ o(y*) + 1% Zug and lim, oo B =

For fixed 0 < n < oo and small ¢ using the first order approximation:

Tgs = 2 (Ni — QT”ZSS>
038 10688

For the case when o is small (i.e., 7 is large) we find:

_ L, 7 b
éss \/2_p péss

Defining v = y/2v/0?, for the uniform case we have:

ZSS

fss(]\/vss)
Ngyg=1-— / m(s; Ngs)dx
0
Tss 1 yx —yx
:1—/ —{1— (™) |y,
0 (

U e'YﬂEss _|_ G*Wifss)
r VTss __ o~ VTss
g T (e —¢ 7)
U AU (e7%ss + e77%ss)

and

Tss YT —yx
:U/Q—/ £[1— (e + ) ]dm
0 U (e’yxss + ef'yxss)

j’2 1 Tss
=U/2 - = _ _ vz -7\ 4
/ STi; (@7 o) /0 (2" + ze™ ") da
:U/Q_a_s_gs+ T (1% — e 1 2 1

2U fy_U (€7%ss 4 e~ VTss) + V2 (e)Tss 4 e=3ss) 42U
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D.5 Perturbation and Stability of Invariant Distribution

In this section we analyze the linearization of the planning problem around its stationary
distribution. This linearization is analogous to the one for the equilibrium in Section 4.

We approximate z(t) = X (N, Z)(t) by taking the directional derivative (Gateaux) with
respect to arbitrary perturbations n of a constant path N, and z of a constant path Z. In
particular, we consider paths defined by N(t) = Ny + en(t) and Z(t) = Zss + € 2(t) around
the stationary value N, and Z ;. We will denote this Gateaux derivative by .

PROPOSITION 4.  Let A be equal to the stationary value function A corresponding to that
invariant distribution. Let n : [0,7] — R and z : [0,7] — R be two arbitrary perturbations.
Then

5(6) = lim XP (N + en, Zog + €23 N)(t) — XF (Nys, Zos; V) (1)

el0 €

_ /tT Gyn(T — t)n(r)dr + /tT Gy (T — t)z(1)dT

where

Gyn(T — Zc e Vi n(r)dr

33:13 ISG —

Gy.(r—1t) = Zce Vit (1)dr

xSS ajSS

and v;, ¢;, and «y are defined as in Lemma 6.

Now we turn to the perturbation for the inframarginal value Z as a function of the
thresholds and of a perturbation of the initial condition. We approximate Z(t) = Z(&, mo)(t)
by taking the directional derivative (Gateaux) with respect to an arbitrary perturbation y of
a constant path z and a perturbation w on the invariant distribution m. In particular, we
consider paths defined by Z(t) = Zss + € y(t) around the invariant threshold x4, and around
the invariant distribution mg(x) = m(x) + ew(x). We will denote this Gateaux derivative by

Z.

PROPOSITION 5. Let m be the corresponding invariant distribution of non-adopters for

the planner. Let w : [0,Zs] — R be an arbitrary perturbation to the distribution, and let
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y:[0,7] = R be an arbitrary perturbation of the threshold. Then

Z(Zss + ey;m + Ew)(t) — Z(Tss;m) (1)

z(t) = lelfgl

= zp(w / y(t—5)y(s)ds

where

2

R (mj 4 5 —cos(jm)) (pj,w) gt
2o(w)(t) = — jgo W(% 7 (%,%)e and
H.,(q) = e (Tss)0? Zn o Hi

where ¢}, M, jt; and v are defined as in Lemma 7.

Thus we can write Z(t) = Z + €z(t) + o(¢). This formula has the effect of two per-
turbations. One is the perturbation on the initial condition mg given by w, whose effect is
in the term zp(w)(¢). Alternatively, zo(w)(t) is the effect at time ¢ on the path Z(t) of a
perturbation of the initial condition keeping the threshold rule z fixed. As in the case of
ng we can specialize w by Dirac-delta function d;, so that we concentrate the perturbation

around a value x = z. The proof of this can be found in Appendix D.6.1.

THEOREM 4. Let Z,, be the invariant threshold of the planner problem, with its corre-
sponding Ny, Zs, and let m be the corresponding invariant distribution of non-adopters. Let
mo(z) = m(z) + ew(z). Let Ay be equal to the stationary value function A. The linearized

equilibrium must solve

y(t) = yo(t +@/ K(t, s)j(s)ds where (46)
Jo(w)(t) = /t Gn(7 — Eno(w) (7)dr + /t Gy (7 — t)20(w)(7)dr

nmz (xs.s)o'

and where
)\zz (-Tss )xss

where ng is derived in Lemma 7, zy is derived in Proposition 5, 0=

the kernel K is given by

e —(ytpi) max{t,s} _ o—(vj+pi)T

~ e e

K(t,s) = E E (cj + c;)evittms ( ) >0
- . ! wj +

2 \2 .
(122> . Furthermore, if © Lip; < 1 there exists a unique bounded
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solution to equation (46) which is the limit of

y(t) = [I + 0K +02K*+ ... | Jo(w) where K(g)(t) = /0 K(t,s)g(s)ds

and where K7t (g fo {(t,5)K7(g)(s) ds for any bounded g : [0, 7] — R. The operator

K is self-adjoint, and positive definite.

We again consider a perturbation to the invariant density of non-adopters. In this case,
we let mg(x) be the invariant distribution of no-adopters of the problem, so that the shock
resembles starting an equilibrium with lower adoption than that prescribed by the planning

solution.

D.6 Perturbation of the Planning Problem

We consider the planning problem with {Z(¢,¢€), N(t,€), A(x,t,¢€),m(x,t,e)}. We again lin-
earize this equilibrium with respect to € and evaluate it at ¢ = 0. We differentiate A(z,,¢)
with respect to e at each (z,t) to obtain {(z,t) = ZA(x,t, e)| which solves the following
p.d.e

2

pl(z,t) = w0,n(t) + O,z (t) + %Km(x, 1) + £(z,1) (47)

for 2 € [0, %] and t € [0,7] and where z(t) = £Z(t,¢)| _, and n(t) = £N(t,€)| _,. The

boundary conditions are:

(48)

PROPOSITION 6. The solution for the KBE equation for ¢ is given by

t) = i 0;(2)0(t) for x € [0,Zs] and t € [0,T]
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where for all j = 1,2, ... we have:

ot) = /T e V=05 (1) dr for t € [0, T
A — 0n <¢jax> . 5 <90],1> or
0) = ~funl?) (05, 5) Bl (05,5 for £ € 0,71

(A RS R

<%MEAhM%mM

‘rSS

w. _,0+_U2 (M)Z
7 _

The proof can be done by verifying that the equation hold at the boundaries, that for
t > 0 the p.d.e holds in the interior since

0ty = () + 35(t) for t € [0,7] and j = 1,2, ...

and since {y;(z)} form an orthogonal bases for functions, and finally that the boundary
holds at t = 0 for z € [0, Z].
Note that the derivative of the solution for A is

Tss Jt

T o0 9 T ©0
lo(Zs, t) = =0, / > e n(r)dr — 6, — [ Y e T 0x(r)dr
t =0 =0

where ¢; = 2 (1 — ;}’jﬂ;)
2

D.6.1 Perturbation Analysis of the Planning Problem

Recall that from equation (48), g(t) is equal to

_ _gz(ffss;o
0= S
T = r 20 =
= —" c;e VT Dn(r)dr +/ N e Ty () dr
/t )\x:p(iss> ]ZO ’ ( ) t Axm<jss)iss ]ZO ’ ( )

= /t Gyn(T — t)n(T)dr + /t Gy (T —t)z(T)dr (49)
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The expression for n(t) is given by equation (45) and can be written as

t +/0 H,,(t — s)y(s)ds.

where as before ng(t) = —>_72 ﬁ%e*ujt, We can obtain a similar expression for
2 )

z(t) using the solution for p(x,t) as

() = — /0 " el t)da
- fjﬁm / " (e

= 7% — cos(jm) (g; f e~ () +3) — cos(jm
- _Z ) (Um) {pj,w) et 1 gy (Tas) 0 Z (j (J ))e_uj(t—r)g(T)dT
(3+4)) i) 0 4 m(j+3)
/ H.,(t - )5(s)ds
co ¢ T2, LW s o ol .
where z(t) = —>_ 77, %F(jr%) &?’%))e Kt and ¢; = (1 - %) Then, equation (49) can

be written as

70 = [ Gnlr 1 0 (nar) + [l = 135105 ) dr

—I—/TGyZ(T ( /sz )ds) dr

— Gyn o (r)dr + / / Gy (T — £) Hoy (7 — 8)5(s)ds dr
/t Gy (T — t)20(T dT+/ /Gyz — ) H.y(1 — s)y(s)ds dr

(1) + / M(t,5)g(s)ds

where

Golt) = /t Gyn(7 — ) (F)dr + /t G (r — t)z(r)dr
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/ M(t,s)y ds—/ /Gyn —t)Hpy (T — 9)y deT+/ /Gyz —t)H, (T — s)y(s)ds dr
:/ / Gy(7 = £) Hopy (7 — dsdr+/T / ) Hay(r — s)5(s)ds dr

0 max{t,s} max{t,s}

with

7=0
~ 9 o0

() = TS e
=0
9 ©0

Hny(Q) = mx(foS)U 26_‘%((1)
Tss

7=0

where e "Gy, (w)Hpy(q) = Gy.(w)H,,(q)e . Using the definitions of ny(t) and zy(t) we
first find the value of 3,(t) as

t
—by, /T — jss <(;017 > _w.( ——
== C;j T8 e=HiT dr
ERIADD Z TG+ 1) lpn e
—0 TSRS T (pi,w) 4. _ .
+ = n ¢ ss i wjte—T/}J (T—t)e—mrdT
Az (Tss) Jt JZ:; iz:; W(% + 1) (i, i)
Ly, & 5 o Wt _ o (W) T
3 > (gt T (1,01 ezﬁjt(e ’ € )
)\xx(jss) j=0 i=0 ﬂ-(f + Z) <80Z7 901> 1/’;‘ + i
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Then, we find

T T

/OT M(t, s)y(s)ds = /T / Gyn(T — O) Hyy (T — 5)y(s)dT + / Gy — t)Ho (7 — )ii(s)dr

max{t,s} max{t,s}

:C:)(arss)/T/m ZZce Vilr=De=ri(T=0g5(s)dr ds

ax{ts}] —0 i=0

xss// ZZce Vit e=riT=D5(5)dr ds

ax{ts}j —0 i=0

where we let ©(Z,,) = M Solving the integrals we get

T (xss )xss

T —(Yj+p) max{t,s} _ —(¥j+u)T
/ M<t7 S)g(S)dS xss / Z Z c; 6¢gt+uzs <€ ¢ ) ds
0 Vi +
% —(¥j+ps) max{t,s} _ —(j+u)T
Zcieqﬁjt'ﬂlis (6 (Yj+ni) {t,s} e (Y1) ) s
o @Dj + W

~ T oo oo —(j4ps) max{t,s} _ ,—(j4+p)T
— @(ffss)/ Z Z(Cj + Ci)ed)jt‘f‘ms (6 J e j ) s
0 — £ R

B(t) = Bo(t) + O(z.s) / R (t, 5)g(s)ds

Notice also that since e "M (¢, s) = e "M (t, s)

T B T 0o 0 6—(r+uj+pi)max{t,s} o 6_(T+“1+“i)T
/ e—rtM(t’ S)g(s)ds = 6('7;88) / (Cj + CZ‘)GWH_MS (
’ 0 — I

E Technology Adoption in Models with Learning

In this appendix we explore two versions of simple adoption models with “learning.” The
key friction to adoption in these models is that agent do not know about the existence of
the new technology until they meet an agent who has adopted. A main assumption is that

agents do not need to use the technology to learn about it. In particular, agents that know
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about the technology will randomly meet agents that do not know about it, and transmit
the information in such way. The model has a set I(t) of informed agents, divided between
N(t) agents who have adopted and M (t) who are informed but have decided not to adopt,
so that I(t) = N(t) + M(t).

In Appendix E.1 we characterize the equilibria of a “pure” learning model without com-
plementarities, where it is assumed that 6, = 0. Agents can be either uninformed about the
technology, or informed about it. If they are informed, they can decide to pay a cost ¢ and
adopt it. Once an agent adopts the technology her flow benefit depends on the idiosyncratic
value of the random variable x, but not on the size of the network, i.e., 8, = 0. In this
model we retain the assumption that x is stochastic, so that the decision to adopt involves
an option value component.

In Appendix E.2 we consider a learning model with complementarities (6,, > 0), where
the idiosyncratic benefit of adoption x is deterministic (¢ = 0). In this model the benefit of
adoption depend on the size of the network, N, while the agent type is immutable. As in
the model of Appendix E.1 the path of the learning is independent of the adoption decision
of agents.

A main feature worth stressing, in comparison with the models that we analyze in the
main body of the paper, is that in the absence of strategic complementarities (6, = 0) or
in the absence of uncertainty in the benefits of adoption (¢ = 0) the model dynamics are
purely driven by the dynamics of I(t), the fraction of informed agents. If a shock occurs to
destroy the technology from a group of agents who had previously adopted, these agents will
immediately re-adopt so that the economy immediately returns to the position it had before
the shock. Such a feature is in stark contrast with the gradual adoption dynamics that are
generated in our model by joint presence of strategic complementarities (,, > 0) and volatile

payoffs o > 0.

E.1 A “Pure” Learning Model Without Complementarities
(6, =0,0 >0)

In this section, we develop a model with random diffusion of the technology across agents
in the absence of complementarities, i.e., assuming that #, = 0. Agents can be either
uninformed about the technology, or informed about it. If they are informed, they can decide
to pay a cost ¢ and adopt it. Newborn agents start as uninformed, and become informed
by randomly matching with informed agents. Once an agent adopts the technology her flow
benefit depends on the idiosyncratic value of the random variable xz, but not on the size of

the network, i.e., 6, = 0.
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The main result from the that the pure learning model differs from the model with

strategic complementarity in that:
1. it has a unique equilibrium, and a unique stable invariant distribution,

2. it has a logistic S shape adoption profile, provided the initial share of uninformed is

small enough,

3. the use of the technology for those that adopt depends only on the cohort, and not the

size of the network,

4. the equilibrium is constrained efficient: the optimal subsidy to use the technology is

Zero.

Learning Setup. We follow the canonical notation for an “SIR” model and assume that the
population, normalized to have measure 1, is split between the uninformed, whose measure
we denote by S(t), and the informed, which have measure I(t), so that 1(¢)+S5(t) = 1. Those
that are informed can be split in two groups, those that have adopted the technology, with
measure N(t), and those informed that have not adopted M (t), so that I(t) = M(t) + N(t).

Optimal Adoption. Now we turn to the decision of agents. The uninformed agents have
no decision to make. The decision problem of those that are informed is similar to the
stationary problem in our model with strategic complementarities.

The value of an agent that already has adopted the technology is

0.2

pa(x) = Gz + Eam(x) for x € [0, U]

with boundaries a,(0) = a,(U) = 0 The value function for an agent that is informed is:

2
pote) = { s (o), plale) )}
with time invariant threshold z < U solving, and boundary at zero:
0:(Z) = a,(7) and v(Z) = a(Z) — ¢ and v, (0) =0

The solution of v and a are identical to the stationary solutions of the baseline model v
and a where we set 0,, = 0. Likewise the solution for Z is the same as the value Z,, for the
model with 6,, = 0.
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Evolution of Distributions. Now we turn to the description of the distribution of agents
across states. We let s(x,t) be the density of those uninformed at ¢, and m(z,t) the density

of those informed at t that have not yet adopted. First we characterize s which satisfies:

2

se(z,t) = %sm(x,t) — (v +B(S(t))) s(x,t) + V% all £ > 0 and x € [0, U]

with boundary conditions given by reflections at the boundary, i.e., 0 = s,(0,%) = s,(U, t) all

t > 0 and initial condition independent of z:
s(x,0) = sg all x € [0, U]

In this case S(t) is the total measure of uninformed agents at time ¢, and f(-) is a function

that gives the probability per uninformed of becoming informed:

S(t) = /OU s(x,t)dx

We assume that §(-) is given by
B(S) = o (1 =) = Py for some constant 5y > v > 0

The interpretation is that each agent has [y meeting per unit of time, and that a fraction
1 — S are with those informed of the technology.

We will return to solve for S and I below. Now we consider the law of motion for m:
2
my(z,t) = %mm(x,t) + B(S(t))s(x,t) —vm(x,t) all t > 0 and = € [0, 7]

m(z,t) =0allt >0 and x € [z, U]

Continuity of m implies that m(z,t) = 0 all t > 0. The reflecting barrier of x at zero implies
0 =m,(0,t) for all t > 0.

Comparing with the baseline model with constant Z, the evolution of the density m has
one main difference. Instead of having the constant inflow v/U, it has a time varying, and
smaller, inflow 5(S(t))s(z,t). This smaller inflow, everything else the same, can substantially
retard the adoption.

We define the total number of informed that have not adopted the technology as:

M(t) = /0 S t)de < (1) = 1 — S(1)
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The initial condition that the density of those that have not adopted is smaller than the
density of those that are informed, i.e.: 0 < M(0) < I(0) all z € [0,U]. Note that by

integrating across x and using the boundary conditions:

M, (t) = /Of my(z,t)de = %me(m,t) + B(S(t))S(t)= —vM(t) all t > 0 and x € |0, 7]

Sl &

We are interested in: N(t) =1 — S(t) — M(t), which using the previous equations gives:

02

Nu(t) = = Zma (@) = vN(8) + A(S@)S() (1= 7 ) for all £ >0 (50)

with initial condition N(0) = (1 — £) 1(0).
Note that since m(z,t) > 0 for x < z and m(z,t) = 0, then m,(z,t) < 0. The next
proposition rewrite this expression which it is useful to interpret the determinants of the

dynamics of N(t).

PROPOSITION 7.  Assume that so(x) = So/U for all € [0, U], and that 3(S) = By(1—.9).
Then we can write N (t) as function of path I(t) and m(z,t) and the threshold z:

X

N(t) = I(1) (1 - 5) + /0 erlion) {—;mx(a:, 7)} dr

The expression in the right hand side of N(¢) in Proposition 7 has the following interpre-

tation. The term () (1 — %) has the fraction of those informed with values of x above the
threshold z. The second term takes into account the past flows of agents that were informed,

whose value of x went from below Z to higher than z.

Solving for Path of N(t), M(t),I(t),S(t) Given . The solution is recursive: we first
solve for S(t) and I(t), and then using the path of I(¢) we solve for N(¢). This is done in the

next two propositions.

PROPOSITION 8. Assume that 5(S) = Gy(1 — S) for Sy > v. Furthermore assume that
so(x) = So/U for all = € [0,U]. For a given 1(0) we have that the unique solution of

i) = BoI(t) [(1 - é) - ](t)}
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is given by

I(t) =1-5(t) = (1 . 1) - el

Fo — 1+ elBo)t

1(0)

Thus, if 0 < 1(0) < 1 — 4, then I(f) converges monotonically to I, =1 — 2= € (0,1). If
I(0) < I, then

1) isconvex int  if t < log((I“B_OI_(g))/I(O)) or I(t) < L=
is concave in t if t > 1°g((135/6701£?/))/1(0)) or I(t) > L.

As shown in Proposition 8, when 7(0) is small, then () displays a “logistic” type of path
of technology adoption, but I(t) is only the population that can adopt. We characterize the

number of adopters in the next proposition.

PROPOSITION 9. Assume that so(z) = Sp/U for all « € [0,U]. Take the path I(t) as
given, and the optimal threshold Z < U. Then the unique solution of m(z,t) is:

ZQOJ ) where ¢;(z) = sin ((j—i—%)w (1-%))

by(t) = (32+ )(ﬂf ) +5/ e [T >>dT> and p; = v+ ((j + 1)7)°

and thus N(t) = I(t) — M(t) is given by:

Nt)=1(t)—¢ (H(t)](O) + 50/0 H({t—71)I(r)(1—1(r)) dT) where

2) =) wje H* withw; = —— > 0 and wj=1.
2 L) 2

Combining the expression for N(¢) in Proposition 9 with the path of I(¢) solved for
in Proposition 8 we obtain an explicit solution to N(t). Next we analyze the invariant
distribution in this model, which is the value at which it tends as ¢t — oo. We denote m
54 for all z € [0,7] and
m.(Z) = 0 and m(z) = 0. The next proposition gives the solution for the distribution m, as

the density for m which satisfies: vm(z) = émm(x) +6o(1 — %)

well as the stationary number of adopters N,;.
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ProposITION 10.  Assume that so(x) = So/U for all x € [0,U], that z < U, p(5) =
Bo(1 —.5), and that Sy > v > 0. Then the invariant density m is given by:
cosh(vx)

m(z) = (1-— %)% (1 cosh(yi:)) where v = v2v/0 and thus

NSS:ISS_/:m(g;)dx:u—%) {1—% (1—“”13#)} (51)

It is interesting to see that even if I(0) = I,s = 1— &, then N(0) < N, and convergence
will take time. In words, even if all agents are informed about the technology it takes time for
the selection process to yield Ng,. In particular equation (51) implies that Ny > I(1 — %),
since among the adopters there are agents who had x > z in the past and currently have

r<ux.

Figure E2: Equilibrium paths of N and I of Pure Learning Model

Equilibrium paths of N(¢) & I(t) for different I(0) with g, =2 Equilibrium paths of N(f) & I(t) for different I(0) with §y =10
T T T T 1

tion

of Popu

Fraction of Population

z == N(0,10) = L, == N0, 10) = L.
Zo - I(),1(0) = L, | A === 1(t),1(0) = Ls | 7
£ — N(#),1(0) < I, — N(),1(0) < I,
—I(1),1(0) < I, | | 0al — 1), 10) < L, | |
time ¢ time ¢
Slow learning, £y = 2. Fast Learning, 5y = 10.

Figure E2 illustrates the main results of this section. The left and right panel differ in the
value of 3y, with the left panel with a slow learning gy = 2, and the right panel a high value,
Bo = 10. In each panel we consider two initial condition for 7(0): one with I(0) = I, (dotted
lines), and with 7(0) = I4/100 (solid lines). The remaining parameters are the same. The
paths for NV are in blue, and the ones for [ are in red. Focusing first on the slow learning
case (left panel), note that when I(0) is small, so that early on adoption is restricted by
the information about the technology, the fraction that adopt N(t) follows an approximate
logistic path, as explained above. Instead, if 1(0) = I, then the path of N(#) is concave in
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time, and starts at a high value at t = 0. In the case of fast learning, shown in the right

panel, the same learning dynamics are present, but unfold in a much shorter period of time.

Optimality of Equilibrium. The equilibrium path is constrained efficient. In particular,
if the planner can only give a subsidy to those that use the technology, then the optimal
subsidy is zero. This is because, given our assumptions about learning, such subsidy does
not affect the fraction of people that learn about the application. Furthermore, since we
assume that there is no complementary in the use of the technology, the individual decision

will coincide with the planner decision for .

E.2 Learning with Complementarities and Fixed Heterogeneous

Types (6, > 0,0 =0)

Let I(t) € (0,1) be the path of agents who are informed about the new technology. Under
the assumption that knowledge about the app is independent of x, including both the initial
condition and the learning process, the evolution for I(t) was given in Proposition 8. Consider
a setup with ¢ = 0 so that z is fixed for each agent. As before N + M = I, i.e., within the
group of agents informed about the technology, of measure I, there is a fraction N of adopters
and a fraction M of agents that have not adopted. Since the app can be adopted only by
those who know about it we have that 0 < m(x,t) < % for all ¢ > 0 and all z € (0,U), and
this also holds for the initial condition mg(x).

Using equation (50) for the dynamics of N, setting o = 0 and using that S(t) = 1 — I(t)
and 5(S(t)) = Pol(t) we can write

z(t)

N(t) = —vN(t) + B(t) ( — 7) + Lz, ()<oym(Z(t), 1)@, (t) for all t > 0

where B(t) = Bol(t)(1 —I(t)) (52)

where the term m(Z(t),t) is not present for the case of ¢ > 0 because m(z(t),t) = 0. In this
case m(-,t) is continuous as a function of x, where for ¢ = 0 it has a discountinuity. The
indicator is there because m(z,t) = 0 for z > Z(t). The equation highlights the negative
contribution to N by the agents that die, —v N, and the positive contribution coming from
the set of newly informed agents B(t) whose = is above the adoption threshold Z(t).

Using the expression for I(¢) given in Proposition 8, which assumes that the initial infor-
mation about the app and z are independent, we have an explicit expression for I(t)(1—1(t))
which through time is going to be first increasing, reach a maximum and the decrease.

We make two remarks. First, in the limit as t — oo then I(t) — I;s =1 — 3 and hence
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B(t) — v(1 — 4). Second, we note for completeness that a model with full information is

obtained as fy — oo, in that case B(t) — v for any t > 0 as §y — oo, so that
z(t) PN
N(t)=—-vN(@t)+v|1-— il + 1z, 1) <oym(Z(t) ™, t)T4(t) for all t > 0 (53)
We now turn to the analysis of the agent’s optimal decision for a given path of N. Fix
an arbitrary path for IV, the value function in equation (7) becomes

T>t

D(z,t) = min (x/ e P57 0y + 0,N(s)) ds + e_p(T_t)c> (54)
t

We assume that, with the exceptions of possibly a countable number of times {¢;} at
which there are upward jumps, the path of N is continuous. Downward jumps on N are not
feasible, given our assumption on the dynamics of m. We also assume that the path of N is
differentiable except at countably many times, where there are upward jumps. Moreover, N
has an upward jump at time ¢ only if Z(¢) has a downward jump at that time.

Next we describe different equilibria of this setup. Let N be the no-adoption threshold
value determined as in Proposition 1. If N(0) < N, then z(¢t) = U for all ¢ > 0, hence a
no-adoption equilibrium exists with N (¢) = N(0)e™**. The model has two types of “internal”
equilibria, where the threshold z(¢) € (0,U). We say that an equilibrium features “waiting
for adoption” if there is an agent x who does not adopt at time ¢ but will adopt in future at
t' such that t < t' < co. We will also describe an equilibrium where no agent waits to adopt,
in this case an agent with = either never adopts or adopts as soon as she learns. We have

the following proposition:

PROPOSITION 11. There exist two types of interior equilibria where z(t) € (0,U). The
first one features a strictly decreasing threshold #(t) = 5555w € (0,U), with possibly
downward jumps, and a path of N(t) that is strictly increasing. In this equilibrium there is

7

“waiting for adoption.” The second one features an increasing path for z(¢) and a path for

N that is decreasing. This equilibrium does not feature “waiting for adoption.”

The first type of equilibrium is a typical one in problems with strategic complementarities
and heterogeneity where agents with low x wait until enough people have adopted. The times
at which jumps occur are not determined, a common feature of coordination games. Waiting
is justified in this equilibrium because the benefits of adoption will be higher in the future as
N increases with time. In the second type of equilibrium an agent will either immediately
adopt, as soon as she learns, or never adopt. As time goes by, the threshold for adoption

increases because N is decreasing. This implies that there are agents who adopt at time ¢
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who will not adopt if the learn at some ¢’ > ¢. An important corollary of Proposition 11 is
to rule out the existence of equilibria where the path of /N first increases and then decreases,

either smoothly or discontinuously, as a function of time.

E.2.1 Natural Equilibrium

In this section we analyze an equilibrium that we label “natural” equilibrium. This equilib-
rium, featuring “waiting to adopt”, is the equilibrium that occurs for initial conditions where
there are “a few agents” with the technology. In particular, the initial conditions are such
that all type x agents who have the technology would also choose to adopt if they had to
pay the adoption cost. Such initial conditions rule out economies where the technology is
(initially) given to agents who do not want it.

We first define the trajectory corresponding to the natural equilibrium. Then, we show
that the trajectory is an equilibrium for a set of “natural” initial conditions. We conclude by
extending these equilibria to a broader set of initial conditions, with even fewer agent (than
in the natural one) having the technology.

Before defining the natural equilibrium path, we define some quantities and state an
assumption. Recall that I, = 1 — v/f, is the peak number of informed agents which is
reached as t — 0o. We define N is the (largest) number of agents in an equilibrium where
I is constant and equal to Is. This equation is readily obtained from equation (52), using
that N(t) = z(t) = 0 in the steady state and the expression for Z given in Proposition 11.

if N, exists, it is equatl to

n

2

2
[ss - gin + \/(Iss - gil> + Uignlss (UHO - PC)

For this quantity to be real, ¢ shouldn’t be too large. For Ny, < I, then ¢ shouldn’t be too

small. This gives the following two inequalities:

00U (£ - 3—0)2
0 n
- L. < pc < U 90 + QnTSS (55)

We note that if 6y = 0, then these assumption are satisfied provided that 0 < pc < I U8, /4.
Even if these conditions hold, Ny, could be negative, a condition to which we return in the
analysis below.

We are now ready to define a natural equilibrium path. Later we will analyze a set of

initial conditions for which the “natural equilibrium path” is an equilibrium.
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DEFINITION 4. A “natural equilibrium” path is given by an initial adoption time, ¢, > 0, and
the following paths for the fraction of agents with the technology N*(¢), adopting threshold
z*(t), and path for the density of non-adopters m*(x,t):

e Fort <t,

I(t
N*(t)=0 , z"(t) =U, and m*(z,t) = % for all € [0, U]

e Fort >t,

I(t)
U

0 if @ > z*(t

and m*(z,t) =

The initial adoption time ¢, is defined as t, = inf {t :N(I(s)) € (0,1): 5> t}, namely
the first time where adoption may occur. Based on this definition of ¢,, we have the following

characterization of t, and the corresponding critical level of information I,:

PROPOSITION 12.  Assume that equation (55) holds.

1. If Uy > pe, then t, = 0. The paths N*(t) and z*(t) are continuous functions of time
for all ¢ > 0.

2. If Uy < pe, then define

2pc 2pc 2 0o
I, ¢y ) ) s
U6y \/(er ) -

0 it 1(0) > I,
to=4qt>0 solving I(t) =1, if I1(0) < I, < I,

Il
S

we have

00 if 1, > I

Moreover, at t = t, > 0, then N*(¢) jumps upwards from zero, and z*(t) jumps

downwards from U.
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The definition of the natural equilibrium path and the characterization of ¢, in Propo-
sition 12 implies the following important properties of a natural equilibrium path. First,
when U6y > pc then the natural equilibrium path features immediate adoption, i.e. t, = 0.
This happens because a “large” value of #; makes adopting a dominant strategy for agents
with a high value of x. Second, if otherwise U6y < pc then whether adoption immediately
occurs depends on the mass of informed agents. In particular, I, is the critical number of
informed agents that is required for adoption. If I(t) < I,, then no agent adopts. When
I(t) reaches this critical value, then there is jump down in the adoption threshold Z(t) from
U to a strictly lower value, with the consequent jump up of adoption of N*(¢) from zero
to a strictly positive value. When ¢, = 0, then the natural equilibrium path has adoption
from time zero. Alternatively, when ¢, = oo, the natural equilibrium features no adoption
whatsoever.

Once adoption starts in the natural equilibrium, then the path of N(¢) is strictly increasing
in time, and the the path of Z(t) strictly decreasing. Thus, the natural equilibrium describes
a case where agents are waiting to adopt.

Finally, note that N (+), the equation that describes the fraction of informed agents that
adopts, depends only on the contemporary values of I, i.e. it is not a forward looking equation.
Thus, the only reason that N*(t) changes with time is that () exogenously changes with
time.

We have now defined and characterized the natural equilibrium path. The next propo-
sition shows that for a set of initial conditions the natural equilibrium path is the highest

equilibrium.
PROPOSITION 13.  Denote the initial condition at time 0 as mg(x). Assume that

m*(z,0) < mp(x) < % for all z € [0, U] (56)

Then there is an equilibrium given by the natural equilibrium path, i.e. N(t) = N*(t),z(t) =
z*(t) for all t > 0 and m(z,t) = m*(z,t) for all £ > 0 and x € [0,U]. Moreover, for this set

of initial conditions this is the equilibrium with the highest level of adoption.

A few remarks are in order.

First, a special case of the initial conditions in this proposition is when agent start without
the technology, i.e. my(z) = 1(0)/U for all z € [0,U]. This is a “natural” initial condition,
since the adoption is costly.

Second, the proposition allows for a larger set of initial conditions, namely those that

relative to the start of natural equilibrium path, namely m*(z,0), have even fewer agents
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with the technology. In particular, consider the case of t, = 0 and where there initial
condition has positive density in the interval x € (z*(0),U).

Third, we can use this proposition to study a type of “MIT” unexpected shock as follows.
Assume that the equilibrium of the game was the natural one, and that at time ¢, the
technology is, unexpectedly removed from some agents. The continuation is that immediately
the agents will readopt. In this sense, these equilibrium has no dynamics, except those given
by the learning. This is a consequence that in the natural equilibrium N(t) = I(t) N(I(t)),
where N (-) is the time invariant function described in the definition of the natural equilibrium
path.

The next proposition assume that Ufy < pc, and the the initial condition is that nobody
has the technology at time ¢t = 0. Note that in this case the natural equilibrium has ¢, = 0.
Pick a time an arbitrary time ¢, > 0, and in general positive. The proposition constructs an
equilibrium where there is delayed adoption until time ¢y > ¢,, and whose continuation is the

natural equilibrium.

ProrosIiTION 14. Assume that the initial condition is that no agent initially has the
technology, i.e. my(xz) = I(0)/U > 0 for all x € [0,U]. Also assume that U6, < pc. Take
any to > t,. There exists an equilibrium without adoption until ¢, whose continuation is the

natural equilibrium

N(t)=0for t € [0,tg) and N(t) = N*(t) for t € [to, 00)
z(t) = U for t € [0,19) and z(t) = z*(t) for t € [tg, 00)

E.2.2 An Equilibrium with a Decreasing Path for N

For completeness, we next construct an equilibrium where the path of N is decreasing,
converging to the steady state level from above. We assume that the initial condition is such
that the level of adoption at time zero, Ny, is larger than the steady state level of adoption,
N5 (for example, imagine that the app is distributed freely to all agents). For simplicity,
let us assume that all agents are informed, i.e., that I(t) = 1 for all ¢ (the extension with
learning is immediate).

Recall that at time t the agent minimizes the following value function (see the appendix

with the proofs), where 7 is the optimal stopping time for adoption
d(xz,t;7) = x/ e P57 (0y 4 0,N(s)) ds + e P V¢
t
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Since N is decreasing Lemma 17 implies that agents deciding at ¢ either adopt at ¢ or

wait forever. Lets assume that 0 < Z(¢) < U. In this case:

d(z,t;00) =z [ e P (6 + 0,N(s))ds  if x < Z(t)

d(z,t;7(x)) = A1) = c if 2 > Z(t)

This implies that
d(z(t),t;t) = f(t)/ e P57 (g + 6,N(s)) ds = ¢
t

Differentiating it with respect to time we obtain:

. Z4(t) _
0= =0 ¢+ pc—z(t) (0 + 0,N(t))
2®) = 2 () (6 + 0,8(0)) — po)

c
To solve for the equilibrium N(t) we must ensure the consistency of the threshold path
with the aggregation equation (52). For the special case with full information considered

here we have

Ni(t) =v(1- N(t) - ?)

as from equation (53), so that the two-dimensional dynamical system is (in the case with

imperfect information the system is three dimensional and the extension is straightforward)

| | —v —v/U
Ny fgzen Zss P

Using the trace and determinant

x
N

_ — jSS en
tr=—v+2Z,p , det=vTg ( - ,0)
cU

so the eigenvalues are

i =

tr £tr?2 — 4det
2

Inspection of the system (e.g. by a simple phase diagram) shows that the high adoption
steady state, characterized by a small Z,, is associated to a stable saddle-path equilibrium
(where the eigenvalues are real and have opposite signs): if the initial condition is such that

Ny > N, then the economy converges to Ny, from above, with a decreasing path of V.
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E.3 Proofs for the “Pure” Learning Model (6, = 0)

Proof. (Proposition 7) We start by integrating the differential equation for N to obtain

N(t) = e "N (0) + /O -9 {—%sz(f,s)ntﬁ(S(s))S(s) (1— %)] ds

Using that 1(t) = 8(S(t))S(t) — vI(t), so
/ 9 (5 (8)) S (s)ds = / e f(1)ds + / I (1) ds

Integrating by parts:
t t t
/ e "=95(S(s5))S(s)ds = I(t) — I(0)e ™ / ve "9 (s)ds +/ e "IuI(t)ds
0 0 0
=I(t) — I(0)e™*
Thus:
- ¢ o2 T
N(t)=e"(1-£)1(0) + / e V(=9 { ?mz(x, 3)] ds + [1(t) — 1(0)e "] (1 - 5)
0
- t
= I(t) ( — %) +/O e~(t=9) [ me(x,s)l ds
0
Proof. (of Proposition 8) Integrating the p.d.e. for g we get:
foU X

%2 / Swa(, t)dz — (v + B(S(1))) / s, t)dw +v=0

U
St (t) E/O si(x,t)de =

and using its boundary conditions at x =0 and © = U:

Si(t)y=—(w+p(S())S(t)+vallt>0

with initial condition:
5(0) = Sy for some constant 0 < Sp=1—1(0) <1
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Since we assume that so(z) is constant across z, i.e., if
S
so(x) = UO all z € [0, U]
then the solution satisfies
S(t
s(z,t) = % all £ > 0 for all x € [0, U]

Thus we obtain

S'==w+H(1-9)S+v=(1-9)(v-755)
=v(l1-29) (1—%)

It is convenient to solve for the path of I, the fraction of agents informed of the technology,
I(t)+ S(t) =1 for all t > 0, so:

I'= —I(v—Bo(1—1)) = Bol (I, — I) where I,, =1— Bi
0
Let T = By, so that:
=1 (1;8 - f) — [0 — (I)? where I, = fy — v
Then we get that its solution is given by:
T IsseiSSt
(t) - iss 1 Isst
M0 T
Note that
I d I elsst = I, elsst fssei“tfssefsst
88 Iss iss o s ISS iss B I 7 2
0t o — 1 4 el oy —1te! (%—1+efsst>

which verifies the answer. Using I = /8, we obtain the desired result.
O
Proof. (of Proposition 9) Given the path {S(t)} define



We start with
m(z,t) = i%’(ﬁ)[;j(t) where ¢;(z) = sin ((J +3)m (1 B g))

Note that each ¢, satisfies the lateral boundary conditions for m(z,t) at + = 0 and x = =

for all . Then the p.d.e. can be written as:

2
0 =my(z,t) — %mm(x, t) +vm(z,t) — B(t) or

~

0= i) [B(0)-+ b0+ (G + D010 - PO 2]

or for each j =0,1,...:

. . 2
or letting y1; = ((j + 3)%)

S

~~
-

~—
I

<‘19j sPj 7>

t
bj(O)e*“ft—l——«pj’1> /e“f(ts)B(s)ds
0

On the other hand {b,(0)} are given so that

T
M@O) =21
(0) = Z1(0)
so that M(0) = fof mo(z)dz and if mg(z) does not depend on = we have M(0) = zmg(x):
@) =20 10
T T U

which ensures:



SO

Finally, -

Thus,

i i g e [ so)

since

(<%>1>)2:( z )21 _ 2
(i) \7G+3)) T2 T (a(j+ 1))

To check, note that at ¢t = 0:




since 1= —2_ Thus
250 (r+3)

7=0 7=0
w; = : 5 > 0 and wj=1
(7(j +3) Jzo
Defining
H(z) = ije Hi%
§=0

we can write:

Proof. (of Proposition 10) We can rewrite the o.d.e. for m as:

() = $Mae(z) + (1= £) & for all z € [0, 7]

The solution is given by a sum of particular solution, (1_,310)%7 and two homogenous solutions.
The homogenous solutions are exponentials exp(£yz). The requirement that m,(0) = 0
implies that the coefficient that multiplies each of the exponentials has the same absolute

value but opposite sign, i.e., the two homogenous solutions combine into a cosh. Then,
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imposing that m(z) = 0 we get:

- Nl cosh(yx
m(z) = (1-5)g <1 - WEZI;) where v = V2v/o

Thus, using that foj ggzﬁgg = tan};(ﬂ) we obtain the desired result.
]

E.4 Proofs for the Model with Fixed Types (o = 0,6, > 0)

Proof. (of Proposition 11)
Fix an agent of type x which at time ¢ is deciding the time of adoption. This agent

chooses T to minimize the objective function d(x,t;7) subject to 7 > ¢, where
dz,t;7) ==z /T e PL=h) (6o + 0,N(s))ds + e PTt¢
t
The derivatives of d are
dr(z,t;7) = e P77 (2 (6 + 0,N(7)) — pc)
At a point where NV is differentiable, the second derivative of d is
dor(z,t;7) = —pdo(x,t;7) + 2e P70, N'(7)

If N is not differentiable, we will use the second derivative from the left and right.

The next lemma starts with the analysis of the first order conditions.

LeEMMA 13. Fix an arbitrary « and t. Let s(z,t) be a critical value of d(x,t,-), i.e., a value
where d.(z,t,s) = 0. Assume that s(z,t) > t. Then s is also a critical point for d(z,t’, ) for
t' e (t,s).

This lemma implies that if, as of time ¢, there exists a critical point for a future date s,
then that point remains critical when the decision is taken for another time t' € (¢, 5).

We let 7(x,t) denote the optimal stopping time chosen at time ¢ by a type z agent.
This lemma follows immediately from the expression of the derivative. The previous lemma,

immediately implies

LEMMA 14. Assumethat 0 < z < U and 7(z,t) > t, then 7(z,t') = 7(z,t) for t’ € (¢, 7(z,1))
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Since the optimal decision rule is of a threshold type, we use Z(t) to describe it, so all
agents with z > z find optimal to adopt at time ¢, and agents with z < z(t) don’t. The
previous lemma implies that for the characterization of 7 we can, without loss of generality,
use 7(z,0) to define define the threshold z(t) as

LEMMA 15. If < U and t = 7(x,0) > 0, then Z(t) = z and 0 = d,(x,0,t) =
z(0y + 0,N(t)) — pc .

The previous lemma follows from the definition of Z, the assumption that z(t) < U, and
the fact that d,(z,0,7) is increasing and continuous on x.
Now we study the implications of the behaviour of N for the optimal adoption. We start

with an interval where N is increasing.

LEMMA 16. Assume that N is strictly increasing and continuous between 0 < ¢y and ¢;.
Then d(x, 0, -) has at most one extreme point 7 € [tg,t;]. Moreover, if 7 is the extreme point,
then d(z,0,-) is convex around 7, and hence 7 achieves the minimum of d(z,0, -) on [tg, ;].

Finally, the function d(z,0,-) is strictly decreasing in [tg, 7].

The previous lemma uses the expressions of the first and second derivatives of d with

respect to 7. We now consider the case where N is decreasing.

LEMMA 17. Assume that N is strictly decreasing and continuous between 0 < ¢; and ts.
Then d(x, 0, -) has at most one extreme point 7 € [t1,t2]. Moreover, if 7 is the extreme point,
then d(x,0,-) is concave around 7, and hence 7 achieves the maximum of d(z,0,-) on [ty,ts].

Finally, the function d(z, 0, -) is strictly decreasing in [T, t2].

The previous lemma also uses the expressions of the first and second derivatives of d with

respect to 7. The next lemma combines the cases considered before.

LEMMA 18. Assume that N is strictly increasing and continuous on [tg, ¢;] and strictly
decreasing and continuous on (1, ts]. Assume that there is an = < U for which d,(z,0,¢;) = 0.
Then d(z,0, -) is strictly decreasing around 7 = ¢;. As a consequence Z(t;) cannot be smaller
than U.

Now we are ready to state a lemma which discards equilibria where N first increases and

then decreases.

LEMMA 19. Let 0 < ty < t; < ty < oo. There is no equilibrium where N is strictly
increasing and continuous in a segment [to,?;] and strictly decreasing and continuous in a

segment [ty, to).
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The proof of this lemma is immediate, given the previous lemmas and the dynamics of
m. If such equilibrium exists, Z(t) < U in [to, 1] so that N increases in [to, 1], and Z(t) = U
in t € [t1,1] so that N decreases in [ty, to).

Now we consider the possibility that, there is at most one upward jump in /N at time ¢;
with ¢y < t; <t;. The next lemma states that we obtain the same conclusion, i.e., that there

is no equilibrium where N first increases and then decreases.

LEMMA 20. Let 0 <ty < t; < ty < oo. There is no equilibrium where N is strictly
increasing in a segment [to,?1], there is an upward jump at ¢, < t; < ¢; and N is strictly

decreasing and continuous in a segment [t1, t5].

To prove this lemma we consider two cases. If t; < ¢; we simply redefine ¢y = ¢, and apply
the previous lemma where N has no jumps. Alternatively, if ¢; = ¢;, then we will have z(t)
to be strictly decreasing in ¢ € (to,t1), Z(¢1) jumps down at t1, and Z(t) = U for t € (t1,1s).
Now consider a path N’ which is continuous as a function of time, it is strictly increasing in
t € [to,t1), satisfying N'(t) > N(t) for t € [to,t1), and has N'(t) = N(t) for t € [t1,ts]. In
this case we apply the previous lemma and there is no equilibrium for the economy with N’
since it will unravel before ¢;. But since N’ > N for t € (t; — ¢,¢;) for some € then it will

also unravel for the economy with V.

Proof. (of Proposition 13) Let first analyze the case where the initial condition is m(x,0) =
1(0)/U for all z, so that no informed agent has the technology at time zero. In a natural
equilibrium z(t) is weakly decreasing. These two properties implies that m(x,t) = % for all
r < z(t), and m(z,t) = 0 for all x > z(t). This gives

N(t) = I(t) (1 - ?) (57)

Now we will show that equation (57) satisfies the law of motion for N, in equation (52). To

see this, differentiate equation (57) with respect to time to get:
T(t I(t
Ni(t) = L(t) (1 — #) + ®)

Use the law of motion of I and the definition of B

1(t) = Bl (£)(1 — I(t)) — vI(t) = B(t) — vI(t)
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to get

Use that in the proposed solution m(z(t)~,t) = I(t)/U so
Ni(t) = —vN(t) + B(t) (1 — @> +m(z(t)",t)7.(t)

This shows that the o.d.e. for N(¢) described by equation (52) holds on the natural equilib-
rium. Even if ¢, > 0, the o.d.e. holds for t < ¢, as well as for t > t,.

Now we consider whether agents want to follow the strategy in the natural equilibrium.
Since N is weakly increasing, replacing the expression for the optimal decision z(t) = 00+9"—5N(t)
from Proposition 11 in the equilibrium equation (57), i.e. replacing Z(t) into N(t) = I(t)(1—
Z(t)/U), and defining N = N/I, we have that the equilibrium level of N is given by the
largest root of

(U@O UG N) N = Uby + Ub,IN — pe

The largest root of this quadratic equation is given by the expression for N in the definition
of a natural equilibrium.

Note that for ¢ < t, is equivalent for the solution for N(t) to be negative. Indeed in
this case, the value prescribed for N*(t) = 0 for all ¢t < t,. Moreover, t, > 0 requires that
pc > 0pU, which is equivalent that not even the agent with the largest x finds it optimal to
adopt the technology before t,.

Consider now the case where the initial condition for m*(z,0) < mg(z) < I1(0)/U, in
words some agents already have the technology at time t = 0. By definition of the natural
equilibrium path, this strict inequality can only occur if ¢, = 0 and for values of x € [z*(0), U].
In this case, this agent will keep the app, and the equilibrium path will trivially still by
N(t) = N*(t)=1(t)(1 —z*(t)/U).

Finally, we argue that the natural equilibrium has the highest path of N among the
equilibrium starting with these initial conditions. This is by construction, since as soon as
agents can adopt, they do so in the natural equilibrium, and since we have chosen the highest

root in for the quadratic equation in the definition of N.
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Proof. (of Proposition 14) The proof is by construction. First, note that under the conjecture
strategy and given initial condition, then m(x,t) = I(t)/U for all z € [0,U] and t € [0, o). It
is also clear that if at time ¢, the initial condition would have been m(x,ty) = I(¢y)/U, there
natural equilibrium path is an equilibrium, by our previous Proposition 13. So it suffices
that show, that under the conjecture path z(t) = U for all t € [0, (). For this is sufficient to
prove that the agent with x = U does not want to adopt. If an agent were to adopt at time
T < to the utility will be

V(r,7)=—c+ Uby /to e P ds + e_p(tO_T)CZ‘O where C} = U/OO(GO + QnN*(s))e_p(s_tO)ds
T to
where C} is the continuation value of having the technology starting at time #o. If instead
it adopts at time tg, the utility of this agent at time 7 is
V(r,tg) = e "0 (—c+ )
Then

to
V(r,tg) = V(r,7) = —e "0 et c— U90/ e P57 dg
U6,

- lc — _} (1 — e Plo=")

p

which is positive if 7 < t5 under the assumptions for the parameters. [J

F HJB Equations for a(z,t) and v(z,t)

Moreover, a(x,t) solves the p.d.e. and boundary conditions for all ¢ > 0:

2
pa(z,t) = 2(0o + 0,N(1)) + %am(:c, £) + ay(x,t) if 2 € [0, U]

a,(0,t) = a, (U, t) =0

where the boundary conditions arise from our assumption of reflecting barriers. Throughout,

U(90+9n (00+9n)
—P ——

we assume 0 < a(z,t) < ) for all &, t, and 0 < ¢ < Z

Adoption Decision: The value function of an agent that has not adopted solves the fol-
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lowing variational inequality:

pv(x,t) = max {%vm(x, t) + vz, t), p(—c+ a(z, t))}

for all t > 0 and z € [0,U]. We conjecture that the optimal decision rule is given by a path
for the threshold z(t) € (0,U) such so that, for each t > 0, the following holds

2
pv(z,t) = %vm(x,t) +v(z,t) if 0 < 2 < Z(t)

v(x,t) = —c+a(z,t)ifz(t) <z <U

If v(-,t) is C' we have the following boundary conditions for all ¢ > 0:

U(f(t), t) = a(:f(t), t) —cC Value Matching
v (Z(t), 1) = a.(Z(t),1) Smooth Pasting
v(0,8) =0 Reflecting

where the first one is the value matching condition, the second the smooth pasting condition,

and the last one arises from the reflecting barrier at x = 0.

G Empirical Appendix

G.1 Descriptive Figures and Summary Statistics: SINPE

The technology diffused gradually. The aggregate adoption of SINPE has grown at a con-
stant rate over time since its inception in 2015, as shown in Figure G1 using monthly data
on the total number of adopters.*’ By 2021, close to 79% of the adult population in the
country owned a bank account, and over 60% of adults were SINPE subscribers who had
not deactivated their account. Moreover, the value of annual transactions in SINPE is ap-
proximately 10% of GDP. Thus, this setting has the unique feature of allowing us to study
the adoption of mobile payments in the entire population of the country, across many years
since the inception of the technology, and until it reached almost the universe of the country’s
adult population. The fact that adoption occurs gradually coincides with the dynamics of our
dynamic stochastic model, and rules out the deterministic case in which adoption happens

on impact.

40The figures include a vertical dashed line at the beginning of the COVID-19 pandemic (March 2020). As
shown, it did not dramatically change the adoption rate.
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Figure G1: Users, Transactions, and Value of Transactions
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Notes: Panel (a) shows total active SINPE users. We include only active subscriptions by individuals, as users have the option
of deactivating their account. Panel (b) shows both total transactions in the application and total value of transactions by
individuals. Both figures include a vertical dashed line to mark the start of the COVID-19 pandemic (March 2020).

Figure G2: Average Transaction Size
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Notes: The figure shows the evolution of the average transaction size in SINPE.
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Figure G3: Gradual Diffusion Within Networks
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Notes: The figures show the patterns of diffusion of the technology within networks across different percentiles of the distribution
of networks. Percentiles are calculated in the last period of the sample using the share of individuals that had adopted the
technology. Panel (a) defines networks as neighborhoods, Panel (b) considers family networks, and Panel (c) networks of

coworkers.

Table G1: Network Summary Statistics

Total number  Median individuals = Mean individuals

Network type of networks per network per network
&) (2 3)
Neighbors 2,031 593 1,638
Coworkers 670,737 1 330
Relatives 1,912,084 13 18

Notes: The table shows the total number of distinct networks per network type, along with the median and mean
number of people who compose each network.

Figure G4: Mean Number of Connections per User
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Figure G5: Average Age at the Time of Adoption
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Table G2: Mean Share of Transactions Within Network (2015-2021)

Neighborhood Firm Family | Union of all three

Neighborhood 0.39
Firm 0.56 0.39 0.65
Family 0.50 0.58 0.25

Notes: We construct average shares using data from May 2015, when the technology was introduced, to December 2021.

G.2 Details on Adoption by User Type

Empirically, almost all transactions in our data during the sample period (through the end of
2021) are P2P transactions, as shown in Figure G6. This was also the case, for instance, with
Pix in Brazil, where by late 2021—despite around 70% of the population having adopted Pix
for P2P payments—business adoption remained low, and P2B transactions represented only
a modest fraction of total activity (Duarte et al., 2022). Today, Pix has reached virtually
universal adoption among individuals and is increasingly important for person-to-business
(P2B) transactions.

Just as in the case of Pix, SINPE Movil in Costa Rica was conceived as a P2P technology.
By late 2021, over 60% of the population had adopted the technology for P2P payments, with
only modest adoption by firms. Today, adoption among individuals has reached nearly 80%,
and while the majority of transactions remain P2P, there has been a notable increase in firm

adoption for P2B transactions over the past 12 months at the extensive margin, with almost
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40% of firms now accepting the technology as a means of payment—see Argente et al. (2025)
for a comparison of the adoption dynamics in SINPE Mévil vs. Pix.

Through the lens of our model, this “delay” in the adoption of firms could result from
firms having higher adoption costs, which in turn is consistent with the barriers identified
by Comin et al. (2025) in the context of electronic payments platform adoption. In fact,
according to the results of a survey on payment methods carried out by the Central Bank
of Costa Rica during the first half of 2025 to a nationally representative sample of retailers,
among the main reasons that prevent a higher rate of adoption of SINPE Mévil by firms are
the difficulty of recording the payments and registering them into their accounting systems,
and that there is a maximum limit to the monthly amount the firm can receive through this
payment method. In our model, as a result of a higher adoption cost, adoption would not
triggered until the degree of strategic complementarities is sufficiently high, and therefore,
would be preceded by widespread adoption among individuals.

Business-to-business (B2B) transactions, both for SINPE Mévil and Pix, remain negli-
gible. This is because more suitable technologies for B2B payments already exist—namely,
ACH transfers—which offer immediate transfers at low cost and without transaction size lim-
its. SINPE Movil was never intended to meet all payment needs in the economy; rather, it
was designed for relatively small, instantaneous payments via mobile phones. The maximum
daily amount transferable without a fee varies by bank, but for most users, it is approximately
$310. Banks that allow transactions above this limit typically charge a fee of around $3 per
transaction—about three times as much as a same-day ACH transfer. Given that B2B trans-
actions usually involve much larger sums, with an average transaction size of $3,158 (Bigio
et al., 2025), firms do not use SINPE Mévil for B2B payments.

Figure G6: Transactions by Sender-Receiver Type
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correspond with formal enterprises.
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G.3 Evidence on Selection at Entry: Robustness

Table G3: Amount Transacted and Size of Network at Entry

Dependent variable: Amount transacted (IHS)

Size of Neighbors’ Network at Entry — -5.805%**

(0.014)
Size of Coworkers’ Network at Entry -2.663%**
(0.013)

Size of Family Network at Entry -2.077HH*

(0.240)
Observations 7,135,126 163,050 6,742,411
R-squared 0.022 0.006 0.003
Network x Time/Cohort FE Yes Yes Yes

Notes: The dependent variable in this estimation is the amount transacted each month for each user, which we transform using
the inverse hyperbolic sine function. The coefficient describes the effect of increasing the share of an individual’s network who
had adopted the app at the time when she downloaded it. We run regressions using data from May 2015, when the technology
was introduced, to December 2021.

G.4 Evidence on Strategic Complementarities: Naive Approaches

OLS Estimates Now, in the data, we have many networks—for example many neighbor-

hoods across the country—therefore, we consider the following version of equation (32):
AInTj = v+ BAN + pAX] + X\ + A + €, (58)

where In T}, is the intensity with which individual 7 in network n uses the technology, and
can be interpreted as either the value or the number of SINPE transactions in a given month
t, NJ* is share of user i’s network that has adopted the app, AX}* is a vector of controls
at the network xtime level, which includes the change in the size of network n in levels and
the change in the number of COVID-19 cases; we also include time fixed-effects, A;, which
capture that aggregate adoption is increasing over time, along with cohort fixed-effects, A,
which through the lens of the model control for selection into the app. This regression
considers only the intensive margin of adoption, and thus allows us to isolate the effect of
strategic complementarities from other learning externalities which might be active when
studying the extensive margin of adoption.*!

Table G4 shows results when considering n as a user’s network of neighbors, coworkers,
and relatives. The dependent variable refers to the number of SINPE transactions trans-

formed using the inverse hyperbolic sine (IHS) function. Across specifications, we find that

“lFor instance, if studying the extensive margin, an individual might be more likely to learn about the
existence of the app if she has more friends who have adopted it. With the intensive margin, we are focusing on
individuals who already had the app, and thus knew about its existence, so the learning channel is attenuated.
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[ remains positive and statistically significant. Further, the coefficients corresponding with
each network remain stable when considering all of them simultaneously in Column (4) of
Table G4. Findings remain unchanged if we consider either alternative transformations to
IHS or the monthly value of transactions of each user as our dependent variable, instead of

the number of transactions, as reported in Table G5 and Table G6.
Table G4: Changes in Number of Transactions and Network Changes

Dependent variable: A Number of Transactions (IHS)

A Share Neighborhood Adopters — 1.008*** 0.879%**
(0.022) (0.031)

A Share Coworkers Adopters 0.238*** 0.232%**
(0.007) (0.007)

A (Log) Wage 0.044%%* 0.044%**
(0.001) (0.001)

A Share Relatives Adopters 0.273*** 0.308***
(0.003) (0.004)

Observations 32,391,602 16,232,003 30,633,379 15,355,945

Time/Cohort FE Yes Yes Yes Yes

Adjusted R-squared 0.014 0.019 0.015 0.020

Notes: The unit of observation is the individual. The dependent variable is transformed using the inverse hyperbolic sine
function; Table G4 shows results with alternative transformations. All regressions control for network size (in levels) and for
the number of COVID-19 cases (using an inverse hyperbolic sine transformation). We run regressions using data from May
2015, when the technology was introduced, to December 2021. Standard errors (clustered by individual) are in parentheses.

It is also possible to use an alternative measure of N, which by construction comprehends
all transactions. Our starting point is the last period in our sample (December 2021)—in
which most adults have already adopted. Then, we look back in time at all transactions that
have occurred, and, for each individual, we define her network as the collection of people
with whom she transacted at some point in time. Thus, for instance, the share of adopters in
someone’s network in 2016 will have all her connections who have adopted in the numerator,
and all her past and future connections in the denominator. Table G7 shows the results of
estimating equation (58) using this alternative network and the number of transactions per
user as our dependent variable: a positive correlation between changes in usage and in the

share of adopters within network is always present across specifications.*?

Leave-One-Out Instrument and Balanced Panel The OLS above speaks to a corre-

lation between the changes in the intensity with which someone uses the app and changes in

“2Panel (a) of Table G5 runs the regression with a dependent variable in logs. Panel (b) repeats the exercise
transforming the value of transactions following Davis and Haltiwanger (1992) (i.e., Az, = 2757=1). We
prefer the inverse hyperbolic sine function over a transformation using logs, as it is frequent to find zero
transactions for individuals in a given month, even after they adopt the technology.

43Table G8 displays results considering instead the value of transactions per user.
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the share of individuals in her network who have adopted it. We will proceed by refining our
analysis of this relation. First, we construct a leave-one-out instrument to address concerns
related to mis-measurement and local common shocks. In particular, instead of focusing on
the change in the degree of adoption in an individual’s neighborhood, we instrument for it
using the weighted average of adoption in neighborhoods which are in close proximity—but
outside—an individual’s own district (Costa Rica has 488 districts and 2,059 neighborhoods),
where the weight is the inverse of distance divided by the total sum of distances.*

Table G9 shows the IV results. The first stage is in the table’s top panel, and we estimate
equation (58), but instrumenting our main independent variable, in the bottom panel using
the number of transactions as the dependent variable. Estimated coefficients are smaller than
those of the OLS when implementing this IV strategy, as would be expected in the presence
of common shocks, but remain positive and highly significant.*

Another possible refinement, this time to address concerns regarding selection in and out
of the app, is to study how changes in usage depend on changes in the share of adopters
following a balanced panel of adopters across time. Thus, we repeat our estimations but now
on a balanced panel of users who had already adopted by 2016 in Table G11. Again, our
results are robust to the estimation using this subset of users; while coefficients are slightly
smaller—as would be expected in the case of positive selection into the app—they remain

similar to the ones using the entire sample.

s —1
“Namely, for neighborhood j in district d, we consider: >, oy Z(dwt““)

WN’?“ that is, the (distance-

weighted) total transactions in nearby neighborhoods indexed by j.
45Results considering the value of transactions as the dependent variable are reported in Table G10.
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Table G5: Changes in Number of Transactions and Network Changes

Dependent variable: A Number of Transactions

@) Loss 1) 2) 3) (1)
A Share Neighborhood Adopters — 0.597*** 0.470%***
(0.023) (0.032)
A Share Coworkers Adopters 0.205%** 0.202***
(0.007) (0.007)
A (Log) Wag 0.046%+* 0.046%%*
(0.001) (0.001)
A Share Relatives Adopters 0.228*** 0.250%***
(0.003) (0.004)
Observations 24,025,266 12,374,020 22,775,723 11,727,213
Time/Cohort FE Yes Yes Yes Yes
Adjusted R-squared 0.020 0.025 0.021 0.026

(b) Davis & Haltiwanger

A Share Neighborhood Adopters — 1.286%** 1.090%**
(0.027) (0.037)

A Share Coworkers Adopters 0.302%** 0.293***
(0.009) (0.009)

A (Log) Wage 0.04 78 0.04 7%
(0.001) (0.001)

A Share Relatives Adopters 0.305*** 0.339%***

(0.004) (0.005)

Observations 28,160,145 14,311,886 26,663,615 13,549,708
Time/Cohort FE Yes Yes Yes Yes
Adjusted R-squared 0.014 0.018 0.015 0.019

Notes: The unit of observation is the individual. We run regressions using data from May 2015, when the technology was
introduced, to December 2021. Standard errors (clustered by individual) are in parentheses. All regressions control for network
size (in levels).
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Table G6: Intensity of Usage and Network Changes (Value of Transactions)

Dependent variable: A Value of Transactions (IHS)

A Share Neighborhood Adopters — 3.954*** 3.573%**
(0.101) (0.141)

A Share Coworkers Adopters 0.824*** 0.796***
(0.033) (0.034)

A (Log) Wage 0.126%** 0.125%#*
(0.003) (0.003)

A Share Relatives Adopters 0.867*** 0.997***
(0.014) (0.019)

Observations 32.391,602 16,232,003 30,633,379 15,355,945

Time/Cohort FE Yes Yes Yes Yes

Adjusted R-squared 0.008 0.009 0.008 0.009

Notes: The unit of observation is the individual. Regressions control for firm size (in levels). We run regressions using data
from May 2015, when the technology was introduced, to December 2021. Standard errors (clustered by individual) are in
parentheses.

Table G7: Changes in Intensity of Usage and 2021 Network Changes

Dependent variable: %A Number of Transactions

Logs Davis & Haltiwanger Inverse hyperbolic sine
A Share Adopters in 2021 Network — 1.815%** 1.950%** 1.580%**
(0.007) (0.008) (0.006)
Observations 23,512,962 27,532,941 31,682,276
R-squared 0.022 0.017 0.017
Time/Cohort FE Yes Yes Yes

Notes: The unit of observation is the individual. We run regressions using data from May 2015, when the technology was
introduced, to December 2021. These regressions do not control for network size (in levels) as by construction in this exercise
size is constant across time. We run regressions using data from May 2015, when the technology was introduced, to December
2021. Standard errors, clustered by individual, are in parentheses.
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Table G8: Weighted Changes in Intensity of Usage and 2021 Network Changes)

Dependent variable: %A Value of Transactions

Logs Davis & Haltiwanger Inverse hyperbolic sine
A Share Adopters in 2021 Network — 5.375%** 1.802%** 1.978%**
(0.031) (0.012) (0.009)
Observations 32,355,374 24,022,540 28,150,990
Time FE/Cohort Yes Yes Yes
Adjusted R-squared 0.009 0.019 0.018

Notes: The unit of observation is the individual. We run regressions using data from May 2015, when the technology was
introduced, to December 2021. These regressions do not control for network size (in levels) as by construction in this exercise
size is constant across time. Standard errors, clustered by individual, are in parentheses.

Table G9: Leave-One-Out Instrument

First Stage. Dependent Variable: ANﬁeighborhOOd

ANdisprict 0.694%**
(0.054)
Observations 32,391,602
Clusters 1,987,052
Time/Cohort FE Yes
F-statistic 31,717.94

Second Stage. Dependent variable: A Number of Transactions (IHS)

ANﬁff”Ct 0.694***
(0.054)
Observations 32,391,602
Clusters 1,987,052
Time/Cohort FE Yes

Notes: The unit of observation is the individual. Robust standard errors are in parentheses in the first panel; standard errors
clustered by individual are in parentheses in the second panel. Regressions control for network size (in levels).
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Table G10: Leave-One-Out Instrument (Value of Transactions)

First Stage. Dependent Variable: AN]<*9"berhood
ANdistrict 1.596%**
(0.009)
Observations 32,391,602
Clusters 1,987,052
Time/Cohort FE Yes
F-statistic 31,717.94

Second Stage. Dependent variable: A Number of Transactions (IHS)

ANjiisjrict 0.694***
(0.054)
Observations 32,391,602
Clusters 1,987,052
Time/Cohort FE Yes

Notes: The unit of observation is the individual. Robust standard errors are in parentheses in the first panel; standard errors
clustered by individual are in parentheses in the second panel. Regressions control for network size (in levels).

Table G11: Intensity of Usage and Network Changes: Balanced Panel of 2016 Users

Dependent variable: A Number of Transactions (IHS)

A Share Neighborhood Adopters — 0.768%** 0.599***
(0.134) (0.157)

A Share Coworkers Adopters 0.157%** 0.139%**
(0.031) (0.031)

A (Log) Wage 0.035%** 0.035%**
(0.003) (0.003)

A Share Relatives Adopters 0.441%*%*  0.491***

(0.020)  (0.025)

Observations 1,073,880 743,321 1,026,384 710,142
Time/Cohort FE Yes Yes Yes Yes
Adjusted R-squared 0.014 0.016 0.015 0.017

Notes: The unit of observation is the individual, and we consider only a subsample of users who had already adopted by
2016, and follow them from then onwards, until December 2021. Regressions control for firm size (in levels). Standard errors
(clustered by individual) are in parentheses.
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G.5 Mass Layoffs and Adoption Changes: Robustness and Details

Figure G7: Marginal Effect of Network Changes on Usage Intensity (Value of Transactions)
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Notes: Panels (al) and (bl) plot the marginal effect of ANgoworkers in the specification described by columns (3) and (6)

of Table 2. Bars denote 95% confidence intervals.

The dependent variable in this estimation is the value of transactions

(transformed using the inverse hyperbolic sine function) on each period for each user. Panels (a2) and (b2) are similar, but
differ as the dependent variable in this estimation is the value of transactions which have a coworker as a counterpart (inverse
hyperbolic sine function) on each period for each user.
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Figure G8: Distribution of Changes in Share of Adopters
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Notes: The figures show the distribution of changes in the share of adopters for individuals affected by the mass-
layoffs exercise and depicted in Figure 5.

Figure G9: Absence of Pre-trends for Mass-Layoffs Exercises
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Notes: The figures show the absence of an effect six months prior to the mass layoff. We depict the point estimates

corresponding with changes in usage both for movers and stayers, in panels (a) and (b), respectively, and 95%
confidence intervals.

G.5.1 Details on Mass Layoffs

This section provides additional details on the choices made to construct the variables and

sample used for the analysis of mass layoffs in Section 6.2.

Definition of a Mass Layoff To define a mass layoff, we follow Davis and Von Wachter
(2011) and identify establishments with at least 50 workers that contracted their monthly
employment by at least 30% and which did not recover in the following 12 months. We define
a recovery as a firm which went back to its initial size (or above) within the following 12
months. Given this definition, the descriptive statistics of firms and workers impacted by a
mass layoff are reported in Table G12.

When considering all firms, the median number of coworkers is 1. This is typical for a
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developing country and highlights another advantage of the mass layoffs exercise. First, for
“sending” firms in the stayers exercise, given the definition above, we consider only relatively
large firms. Second, for the exercise on movers, employees massively laid off from these large
firms are prone to be rehired by relatively large firms, so the sample of “receiving” firms is
also relatively large, with a median size of 221. In fact, only 3% of “receiving” firms have
one worker. Moreover, if we remove these single-worker firms from the sample and re-run our
estimations for movers, effects remain statistically equal—if anything, they become slightly

larger.

Table G12: Mass Layoffs: Descriptive Statistics

Number of firms 292

Number of displaced workers 10.176

who had not adopted SINPE when fired ’

Number of displaced workers 917

who had adopted SINPE when fired

Average firm size 264 (989)
Median firm size 94

Average monthly wage pre-layoff, laid-off workers ~ $688 ($732)
Average monthly wage pre-layoff, all workers $848  ($1,133)

Notes: Standard deviations for mean variables are reported in parenthesis. We consider layoffs that reduce in 30 workers or
more the size of firms with at least 50 workers, and limit the analysis to workers with a period of unemployment of 6 months
or less. We also exclude cases where the firm had experienced an increase of at least 30% in its workforce within the 6 months
prior to the mass layoff. Wages were calculated based on an exchange rate of 634 colones per dollar and the last month in which
workers were employed. We include mass layoffs which occurred between May 2015, when the technology was introduced, and
December 2021. The last row includes the average monthly wage pre-layoff for all workers who were employed at those firms
at the time of the mass layoff.

Exercises Based on Stayers We also conduct several exercises based on stayers, i.e.,
workers who remain at a firm after it experiences a mass layoff. Therefore, we refine the
definition above to exclude odd cases. Namely, the stayer must remain at the firm at least
6 months after the mass layoff (this applies to cases in which there was more than one wave
of layoffs) and we exclude cases where the firm had experienced an increase of at least 30%
in its workforce within the 6 months prior to the mass layoff (this applies to a few instances
of, for instance, seasonal hiring or project-specific hiring). It is worth noting that (i) these
refinements do not have any significant effect on the results for movers, and (ii) if anything,

these refinements lead to smaller results for stayers.

Definition of Variables We construct several variables that are used in equation (34).

We now provide more details on each of them.
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e Adopt; equals one if individual ¢ adopted SINPE within 6 months after arriving at her
new firm, and zero otherwise. This variable is only computed for individuals who found
a job within 6 months of being fired. Results are robust to considering shorter unem-

ployment spells, including conducting the analysis using only job-to-job transitions.

o ANfowerkers ig the change between the share of coworkers who had adopted at the old
and the new employer. We compute this variable by calculating the difference between
(i) the share of adopters at the old firm on the last month in which the individual was
employed and (ii) the share of adopters at the new firm in month ¢, and considering

only months 7 after the individual was hired at the new firm.

e Alnwage; corresponds with the change in the average wage (in logs) across 6 months

before the layoff and after the rehiring.

e Alnsize; is the change in the number of workers (in levels) at the new firm versus the
old firm.

e date hired; is a time fixed effect corresponding with the month xyear in which individual

¢ was hired by the new firm.

e (ln Tt new firm — 10 T4, ol ﬁrm) is the difference in the (log) historical transactions

made by workers at the new firm and the old firm prior to the move, which aims
to control for factors, other than strategic complementarities, which might facilitate

adoption at the new vs. the old firm.

e ACovid; controls for the change in the cumulative COVID-19 cases (transformed using
the inverse hyperbolic sine function) in the individual’s neighborhood across the 6
months before the layoff and after the rehiring. This change is zero for pre-pandemic
years, thus, this variable is introduced using an inverse hyperbolic sine transformation,

as opposed to a logarithm.

The regression described in equation (33) relies on the same variables that we described

above, but also includes additional ones which we now describe.

e AlInT; refers to the change in monthly intensity with which individual ¢ used SINPE
within 6 months after arriving at her new firm compared with 6 months before being
fired. We only compute this variable for workers who had adopted SINPE more than
6 months before being fired, in order to attenuate any effect resulting from a “learning
curve.” We transform T; using the inverse hyperbolic sine function, as zeros are common

in the monthly data. Note that this inflates coefficients, particularly, for large values
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of intensity, which are likely to appear when the left-hand-side variable describes the

total value (as opposed to the number) of transactions.

cohort; controls for the month when individual ¢ adopted SINPE. We include this

variable to attenuate any effect resulting from learning how to better use the app.

In Zt T, is the sum of all historical transactions made by agent 4 since she adopted the
app. This variable has no zeros by construction, as our definition of adoption is that the
individual has used the app at least once. Similarly to cohort; , the variable intends to
control for learning how to use the app thanks to having more people in your network

who have adopted it.
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H Quantitative Exercises

H.1 Elements of Identification

Figure H1: Sensitivity Analysis
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Notes: The graphs plot the relationship between the estimated parameters and several moments relevant for identification. We
set all parameters to their baseline estimates reported in Table 3 and represented by the vertical red line. Then, we move each
parameter around its estimated value holding the others constant. In panel (a) the moment reported is the autocorrelation and
the parameter is 0. In panels (b) and (c¢) the moment reported is the average number of transactions and the parameters are
0, and p respectively. In panel (d) the moment reported is the coefficient of the mass layoffs regression and the parameter is ¥.

H.2 Variation Across Networks

In this section, we provide more details on the estimation of the model using variations across
networks. We show that the model is consistent with both high and low adoption networks
of firms, each implying a different path of adopters in equilibrium and a different optimal
path of adoption in the planning problem.

Specifically, we calibrate the model by targeting moments from individuals at firms whose
level of adoption is either above the median (high adoption) or below the median (low adop-

tion). To do this, first, we assume that the externally calibrated parameters are the same
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in both low and high adoption networks (i.e., v, r, By). We set these parameters to the
same values as in the benchmark calibration. Second, although the speed of information
diffusion is the same in the two networks (i.e., §y), we assume that more people knew about
the technology at entry in the high adoption networks than in the low adoption networks.
Specifically, we assume that in high adoption networks, 0.385 percent of workers were in-
formed about SINPE at its launch, while in low adoption networks, only 0.193 percent were
informed. This means we add (or subtract) a third of the people in each network relative to
the benchmark calibration.

We then calibrate 6,,, 6y, o, and p using the simulated method of moments (SMM) for both
high and low adoption networks. As before, we choose the parameters to make the model
consistent with the distribution of transactions in the data and the mass layoff exercise. We
follow the same procedure as in our benchmark calibration. In particular, we target the
same data moments computed for different samples of workers, specifically those working at
firms whose average level of adoption is either above the median, N9" = (.96, or below the
median, N9% = (.73, and we assume the same coefficient for the mass layoffs regressions in

both calibrations.

Table H1: Moments: Distribution of Transactions

Parameter Value Moment Data Model Data Model
Low High Low Low  High High
o 0.022 0.036 | Mean Transactions 7.13 7.13 7.11 7.65
0o 48.30 24.32 | Median Transactions 6.34 6.94 6.38 7.44
P 0.0259 0.0059 | Absolute Changes 3.83 2.90 3.53 2.89
9= Z—g 3.17 7.16 | Coefficient Mass Layoffs 0.97 0.97 0.97 0.96
Autocorrelation Transactions  1.00 0.93 0.92 0.96

Table H1 shows the estimated parameters for both calibrations. We estimate a higher

level of strategic complementarities (i.e., higher ¥) in networks with high adoption and a
higher convexity in the cost of conducting transactions in low adoption networks (i.e., higher
p). The estimated variance in both calibrations is slightly higher in networks with high
adoption. The table also shows that the calibrated models are quantitatively consistent with

the empirical distribution of transactions for high and low adoption samples.
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Figure H2: Path
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Notes: Panel (a) shows the share of adopters, N(t), predicted by the model under our baseline calibration, high adoption, and
low adoption calibrations. Panel (b) shows the share of informed agents, I(¢), under each of the calibrations, respectively.

Panels (a) and (b) of Figure H2 show the paths of N(t) and I(¢). Each panel includes

the results for the high and low adoption versions of the model relative to the results of

our benchmark calibration. In the high adoption network, 95% of the population adopts

the application. In the low adoption network, only 73% of the population adopts in the

stationary equilibrium. As before, most people are informed about the technology within

the first 7 years, and in the stationary distribution, approximately 97.4% of the population

knows about the application.

Figure H3: Planning Problem: Solution and Optimal Subsidy
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Notes: Panel (a) shows the optimal levels of adoption, N(¢) (optimal), according to the solution of the planning problem under
the benchmark calibration, high adoption calibration, and low adoption calibration. Panel (b) shows the path of the ratio
between the optimal subsidy 6,Z(t) and the flow benefit of the average adopter, Z(t)(6o + 6, N(t)), under the benchmark
calibration, high adoption calibration, and low adoption calibration.
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Panel (a) of Figure H3 shows the optimal adoption path for high and low adoption
networks, relative to our benchmark calibration. As before, during the first three years after
the launch of the technology, the optimal level of adoption is similar to that of the high-
adoption equilibrium. Afterward, the optimal path of adopters from the planning problem
is higher. The optimal subsidy, shown in panel (b), increases over time as the externality
increases. Since 6,V is higher in the high adoption network, the subsidy-to-benefit ratio in
this case is also higher. Nonetheless, in all versions of the model, the optimal subsidy pushes

the economy toward universal adoption.

H.3 Only Learning: ¢ =0

In this section, we examine the behavior of a model without strategic complementarities.
Not surprisingly, if we keep all parameter at their baseline value and set 6,, = 0, the model
predicts much lower adoption at its stationary equilibrium, Ny, = 0.22. The adoption in
this model is purely determined by the idiosyncratic benefits of the technology. Panel (a)
of Figure H4 shows that convergence to the stationary equilibrium takes longer in a model
without complementarities. Recall that the model matches the fraction of agents informed
about the technology three years after it was launched. Panel (b) suggests that in a pure
learning model, adoption would be much slower than that observed in the data. Panel (b)
also shows that the path of Z(¢) in the model with only learning is flat, which indicates there
is no selection in the adoption of the technology in contrast to what is observed in the data.
Importantly, this version of the model is constrained efficient: the optimal subsidy to use the

technology is zero.
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Figure H4: Path of Adopters - Only Learning (Short-Run and Long-Run)
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Notes: Panel(a) compares the path of adopters in the model with 6, = 0 and in the data. The solid red line shows the patterns
of diffusion of the technology in the median firm, where the percentile is calculated in the last period of the sample using the
share of individuals that had adopted the technology. The dashed red lines show the 10t" and 90" percentiles. Panel (b) shows

the share of informed agents, I(t), the share of adopters, N(t), and the levels of Z(t) predicted by the model under our baseline
calibration but setting 6,, = 0.

H.4 Comparative Statics

H.4.1 Stochastic Model: Short-Run

Figure H5: Adoption: N(t) and Z(t)
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Notes: Panel (a) and (b) show how N(t) and Z(t) change with ¥ and o, keeping the rest of the parameters constant 7 years
after the technology was launched. The black diamonds indicate the levels of ¥ and o in our baseline calibration.
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H.4.2 Stochastic Model: Planning Problem

Figure H6: Optimal Adoption: N(t) and N
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comparative static for Ngs.
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H.4.3 Learning

: Heterogeneity: [
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Notes: Panel (a) shows the share of informed agents, I(t). Panel (b) shows the share of adopters, N(¢), and panel (c¢) shows
the path of Z(¢) in the model. Each panel shows paths for different values of So.
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Figure H8: Heterogeneity 3y: Planning Problem Solution and Optimal Subsidy
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Notes: Panel (a) shows the optimal levels of adoption, N(t) (optimal) and panel (b) shows the path of Z(t) (optimal) according

to the solution of the planning problem. Panel (c) shows the ratio between the optimal subsidy 6, Z(¢) and the flow benefit of
the average adopter, Z(t)(0o + 6nN(t)). Each panel shows paths for different values of 3p.
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